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Abstract
In this thesis, we investigate aspects of computing the perihelion distances and impact
parameters for near stars to the Sun, and, we analyze the solar motion. The perihelion
distances and impact parameters are studied for three different analytical approaches.
First, we focus on the non-interacting system based on the object’s motion with respect
to the Sun along a straight line. We show that this approach gives results which are
in agreement with those published in the literature [2] for Barnard’s, Gl 217.1, Gl 729
and GJ 2046 stars. Second, we consider the two-body problem. As we expected, in this
case we obtain less perihelion distances than for the non-interacting system. Third, we
propose a simple model to describe the relative motion Sun-object, where in adition to
the gravitational effects of the Galaxy, we consider oscillations (including anharmonic)
of the Sun and the object with respect to the galactic equatorial plane. Equation of
motion for these anharmonic oscillations is solved analytically. We show that some
computed perihelion distances in this case are greater (totally different) than those
given in literature, what is possible since anharmonic oscillacions are not considered
in the literature [2, 18]. However, for stars Gl 729, Gl 54.1 and LP 816-60 this simple
model gives reasonable values in comparison with the literature. Finally, we focus
on the solar motion (motion of the Sun with respect to the Local Standard of Rest),
where the reference frame is given by the nearest stars. We develope a new method
for determining the solar motion taking into account also stellar proper motions and
radial velocities. The results are compared with other solutions given by approximation
methods, where some of the observational parameters are neglected. The direct method
is the best method in determining the solar motion. However, the motion of the Sun
with respect to the surrounding interstellar gas and dust yields significantly different
values for the solar motion. The only consistency between the results of stars and the
intestellar gas and dust is the value of solar motion velocity component normal to the
galactic equatorial plane ZS. Relevance of the solar motion, in direction perpendicular
to the Galactic equator, for evolution of the orbits of the comets of the Oort cloud,
and, in directions lying in the Galactic equator, for the values of the Oort constants
and the shape of the rotation curve and the essence of the dark matter is pointed out.
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Pribl´ızˇenia bl´ızkych hviezd k Slnku
Jorge Luis Cayao Dı´az
Odovzdane´ na Katedru astrono´mie, fyziky Zeme a meteorolo´gie
6. ma´ja 2011, v cˇiastocˇnom splnen´ı
pozˇiadavok na z´ıskanie titulu
Magister v odbore Fyzika, sˇpecializa´cia: Astrono´mia a astrofyzika
Abstrakt
V tejto pra´ci sme sku´mali meto´dy na pocˇ´ıtanie perihe´liovy´ch vzdialenost´ı a za´merne´
vzdialenosti pre vybrane´ bl´ızke hviezdy a analyzovali sme pohyb Slnka. Perihe´liove´
vzdialenosti aza´merne´ vzdialenosti sme sku´mali analyticky ztroch roˆznych pohˇladov.
V prvom sme sa su´stredili na neinterakcˇny´ syste´m zalozˇeny´ na pohybe objektu po
priamke urcˇenej pocˇiatocˇnou polohou a ry´chlostˇou hviezdy vzhˇladom na Slnko. Vy´sled-
ky, ktore´ sme dosiahli, boli v su´lade s literatu´rou [2] pre Barnardovu hviezdu a pre
hviezdy Gl 217.1, Gl 729 a GJ 2046. Vdruhom pr´ıpade sme sa su´stredili na proble´m
dvoch telies, kedˇ sa uvazˇovala gravitcˇna´ interakcia medzi hviezdou a Slnkom. Vtomto
pr´ıpade, ako sme ocˇaka´vali, sme dosiahli mensˇie perihe´lne vzdialenosti ako pre nein-
terakcˇny´ syste´m. Vtretˇom spoˆsobe sme navrhli jednoduchy´ model popisuju´ci relat´ıvny
pohyb hviezdy vzhˇladom na Slnko, kde sme uvazˇovali gravitacˇne´ efekty Galaxie vo
forme oscila´cie Slnka a hviezdy vzhˇladom na galakticky´ rovn´ık a aj anharmonicke´
oscila´cie´ v tomto smere. Pohybova´ rovnica ty´chto anharmonicky´ch oscila´ci´ı sa tiezˇ
riesˇi analyticky. Uka´zali sme, zˇe vtomto pr´ıpade su´ niektore´ vypocˇ´ıtane´ perihe´liove´
vzdialenosti va¨cˇsˇie (u´plne odliˇsne´) od ty´ch uva´dzany´ch v literatu´re. Toto moˆzˇe bytˇ
spoˆsobene´ neuvazˇovan´ım (anharmonicky´ch) oscila´cii vich pouzˇity´ch meto´dach [2, 18].
Napriek tomu, pre hviezdy Gl 729, Gl 54.1 and LP 816-60 tento jednoduchy´ model na´m
da´va rozumne´ hodnoty v porovnan´ı s literatu´rou. Nakoniec sme sa su´stredili na po-
hyb Slnka (pohyb vzhˇladom na miestny sˇtandard pokoja), kde sme za na´sˇ referencˇny´
syste´m zvolili najblizˇsˇie hviezdy. Vyvinuli sme novu´ meto´du na urcˇovanie pohybu
Slnka, kde sme uvazˇovali aj vlastne´ pohyby hviezd a radia´lne ry´chlosti. Vy´sledky
sme porovna´vali sostatny´mi riesˇeniami z´ıskany´mi z aproximacˇny´ch meto´d, pri ktory´ch
boli niektore´ z pozorovany´ch parametrov zanedbane´. Z vy´sledkov na´m vyplynulo,
zˇe priama meto´da je najlepsˇia pri urcˇovan´ı pohybu Slnka. Avsˇak, pohyb Slnka, ak
berieme do u´vahy okolity´ medzihviezdny plyn aprach, da´va signifikantne odliˇsne´ hod-
noty pre sola´rny pohyb. Jedina´ spojitostˇ medzi vy´sledkom pre hviezdy amedzihviezdny
plyn aprach je hodnota ry´chlosti sola´rneho pohybu vsmere norma´ly na galakticku´
rovn´ıkovu´ rovinu ZS. Doˆlezˇitostˇ pohybu Slnka, v smere kolmom na Galakticky´ rovn´ık
sa zdoˆrazuje hlavne pri evolu´cii orb´ıt kome´t Oort-ovho oblaku. Zistenie sola´rneho po-
hybu, v smere rovnobezˇnom s galakticky´m rovn´ıkom je doˆlezˇite´ pre zistenie hodnoˆt
Oortovy´ch konsˇta´nt, tvaru rotacˇnej krivky a podstaty tmavej hmoty.
Klˇu´cˇove´ slova´: perihe´liova´ vzdialenostˇ, impakt parameter – za´merna´ vzdialenostˇ,
Oortov oblak, pohyb Slnka
Sˇkolitel: Jozef Klacˇka
Titul: Docent fyziky, Katedra astrono´mie, fyziky Zeme a meteorolo´gie
Aproximaciones de estrellas cercanas al Sol
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Resumen
En esta tesis se investigan aspectos del ca´lculo de las distancias del perihelio y los
para´metros de impacto para estrellas cercanas, y, se analiza el movimiento solar. Las
distancias del perihelio y los para´metros de impacto se estudian siguiendo tres enfoques
diferentes. En primer lugar, nos centramos en un sistema sin interaccio´n basado en el
movimiento del objecto con respecto al Sol a lo largo de una l´ınea recta. Se demuestra
que este me´todo da resultados de acuerdo con [2] para las estrellas Barnard, Gl 217.1, Gl
729 y GJ 2046. En segundo lugar, consideramos el problema de los dos cuerpos. Como
era de esperar, en este caso se obtienen distancias ma´s cortas que para el sistema sin in-
teraccio´n. En tercer lugar, proponemos un modelo simple para describir el movimiento
relativo Sol-objeto, donde en adicio´n a los efectos gravitacionales de la Galaxia, consid-
eramos oscilaciones (incluyendo anarmo´nicas) del Sol y del Objeto con respecto al plano
gala´ctico ecuatorial. La ecuacio´n de movimiento de estas oscilaciones anarmo´nicas se
resuelve analticamente. Se demuestra, que algunas distancias calculadas en este caso
son mayores (totalmente diferentes) a las que figuran en la literatura, lo que es posible,
ya que oscilaciones anarmo´nicas no se consideran en la literatura [2, 18]. Sin embargo,
para Gl 729, Gl 54.1 y LP 816-60 este modelo da valores razonables en comparacion
con [2, 18]. Por u´ltimo, nos centramos en el movimiento solar (movimiento del Sol con
respecto al Lugar de reposo estandar), donde se toma como marco de referencia las
estrellas ma´s cercanas. Se desarrolla un nuevo me´todo para la determinacio´n del solar
movimiento teniendo en cuenta tambie´n los movimientos propios estelares y velocidades
radiales. Los resultados se comparan con otras soluciones dadas por me´todos de aprox-
imacio´n, cuando algunos de los para´metros de observacio´n no se toman en cuenta. El
me´todo directo es el mejor me´todo para determinar el movimiento solar. Sin embargo,
el movimiento del Sol con respecto al gas y polvo interestelar circundante da valores
significativamente diferentes para el movimiento solar. La consistencia so´lo entre los
resultados de las estrellas y el gas y el polvo intestellar es el valor de la componente de
la velocidad de movimiento solar normal al plano ecuatorial gala´ctico ZS. Se indica la
relevancia del movimiento solar en direccio´n perpendicular al ecuador gala´ctico para
la evolucio´n de las o´rbitas de cometas de la nube de Oort, y en direcciones situadas en
el ecuador gala´ctico para los valores de las constantes de Oort, la forma de la curva de
rotacio´n y la esencia de la materia oscura.
Palabras clave: Distancia del perihelio, para´metro de impacto, nube de Oort,
movimiento solar.
Supervisor de tesis: Jozef Klacˇka, Profesor Asociado de f´ısica, Departamento de As-
tronomı´a, F´ısica de la Tierra y Meteorolog´ıa
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Chapter 0
Introduction
The outer part of the Solar System, known as the Oort cloud of comets, is under gravi-
tational influence of both the Sun and the Galaxy. The effect of the Sun is described by
the two-body problem. The effect of the Galaxy is equivalent to galactic tide and the
physical model is given by Klacka (2009) [19]. However, besides the regular permanent
action of the gravity of the Sun and the Galaxy, also random perturbations can play
non-negligible role in the orbital evolution of the comets in the Oort cloud. These
irregular random perturbations are also of gravitational origin. They are generated by
close approaches of stars and interstellar clouds (consisting of gas and dust) to the Sun,
or, more correctly, to the comets of the Oort cloud [14]. This Master Thesis deals with
the problem of the close approach of a galactic object to the Sun. Hence, we want to
find the minimal distance between the object and the Sun, i.e., the perihelion distance
of the object. More generally, position vector of the perihelion. This Thesis presents
several approaches to the problem of finding the perihelion distance of a galactic ob-
ject. These approaches treat the problem from an analytical point of view. The first
case assumes no interaction between the Sun and the Galactic object. The second case
considers the two-body problem, i.e., gravitational interaction between the Sun and the
object is taken into account. The third analytical approach considers oscillation of the
Sun and the object with respect to the galactic equatorial plane. All three cases are
treated in an analytical way and the obtained results for several stars are summarized
in tables. By solving the equation of general motion given in Chapter 4, where gravity
of the Sun and Galaxy are considered, our results may be improved.
These results are compared with those published in the literature. Since the oscilla-
16
tory motion of the Sun with respect to the galactic equatorial plane plays an important
role in the evolution of the Oort cloud of comets, Chapter 7 of this thesis deals with the
solar motion. The kinematics of stars near to the Sun has long been known to provide
crucial information regarding both the structure and evolution of the Milky Way [29].
That is the reason why we calculate the solar motion in the reference frame connected
with the nearest stars. We identify series of N stars with heliocentric distances less
than 100, 40, 15 pc and then determine the velocity of the Sun relative to the mean
velocity of these stars.
17
0.1 Outline and Summary of Results
We study approaches of near stars, objects, to the Sun. General motivation for this
problem is its application to the evolution of the Oort cloud of comets situated at the
borders of the Solar System. The object (a star or interstellar cloud of dust or gas)
motion with respect to the Sun is calculated on the basis of gravitational forces acting
both on the Sun and the comet. Effect of the Galaxy in the form of galactic tide is
based on the observations. The flat rotation curve is considered together with the most
probable values of the Oort constants. The effect of the galactic bulge is consistent
with the mass distribution given by Maoz (2007) [7]. Moreover, motion of the Sun in
the Galaxy is considered, too. We take into account not only the fact that the Sun
revolves the center of the Galaxy, as it is conventionally done. We take into account
also the oscillations of the Sun with respect to the galactic equatorial plane. This
model is presented in Klacˇka (2009) [19]. Besides the fixed mass density used as an
approximation to reality for the galactic bulge, we can take into account the decrease
of the bulge mass density as a function of the distance from the galactic equatorial
plane. The effect of this simple improvement will be treated. Great part of the Thesis
will be devoted to the effect of close approaches of stars or interstellar clouds to the
Solar System and to the study of the solar motion.
We will first calculate perihelion distance and impact parameter for a star with
close approach to the Solar system. Better value of the perihelion will be found using
the two-body problem (the star and the Sun). After the two-body consideration, we
focus on the relative motion Sun-object in the field of the Galaxy (here, we consider
that the Sun and star have a motion with respect to galactic equatorial plane), for
which we propose a simple model for stars nearest to the Sun. How can these effects
enhance the number of comets entering the inner part of the Solar System?
We also devote our reserach to analyze the solar motion.
We present the following steps of this thesis in the next six chapters. Chapter 1:
The impact parameter and the perihelion position vector gives some defini-
tions found in the literature for the impact parameter and for the perihelion position
vector.
Chapter 2: The non-interacting system is based on the motion of an object (a
star or an interstellar cloud which in reality perturb comets in the Oort cloud) which
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does not interact with the Sun. Here, the object moves along a straight line in an
inertial frame of reference (e.g., galactic)
Chapter 3: The two-body system analyzes the way to compute the path of an
object (a star or an interstellar cloud) under the solar gravitation, and, finally the
impact parameter and the position vector of the perihelion. It is a typical two-body
problem.
Chapter 4: Galactic tide investigates the relative motion Sun-object, where in ad-
dition to the gravitational effects of the Galaxy, we consider anharmonic oscillations
for the Sun and object. This simple model does not consider gravitational interaction
between these two bodies, and it is based on the fact that the relative motion of the
object with respect to the Sun depends linearly on time for x and y coordinates and
takes into account anharmonic oscillations along the z-axis (for the Sun and for the
Star, we suppose the same anharmonic motion). Equation of motion for this anhar-
monic motion is solved analytically.
Chapter 5: Summary of main equations summarizes the important equations
found in previous Chapters. Chapter 6: Applications applies the results to compute
the perihelion position vector and the impact parameter for stars, which are taken from
the literature [2].
Chapter 7: The solar motion calculates the solar motion in the reference frame
connected with the nearest stars. The reference frame is given by the nearest stars.
We develop a new method for determining the solar motion taking account also stellar
proper motions and radial velocities. The results are compared with other solutions
given by approximation methods, where some of the observational parameters are ne-
glected.
Finally, I summarize the thesis in Chapter ??, and discuss further research directions.
Also, I summarize the thesis in Slovak in Chapter 8. Additional material can be found
at the end of the thesis. Appendix A shows the equations deduced from the Least
square method.
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Chapter 1
The impact parameter and the
perihelion position vector
We are interested in the nearest distance between an approaching star (or interstellar
cloud consisting of dust and gas) and the Sun. This is given by the magnitude of the
perihelion position vector.
The process of scattering is standardly described by the impact parameter. Let
us present several definitions of the impact parameter:
1. “The distance of one of the scattering partners from the asymptote of the trajec-
tory of the other scattering partner is the impact parameter.” [9, p. 189]
2. “The impact parameter b is defined as the perpendicular distance from the projec-
tile’s incoming straight-line path to a parallel axis through the target’s center.”
[27, p. 558].
3. Consider scattering of a projectile from a target particle. “The initial velocity
of the projectile is v0 and it is assumed that in the absence of any interaction
it would travel in a straight line and pass the target at a distance b, called the
impact parameter.” [25, p. 362]
Thus, we can define the impact parameter b as the perpendicular distance between the
straight-line of the initial velocity vector of an object (a star or an interstellar cloud)
and the center of the field U(r) created by the Sun that the object is approaching (see
also [6, p. 35–66] and [26, p. 126–143]). The perihelion is the point in the solar orbit
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of an object when it is nearest to the Sun. The perihelion distance is the distance
between the object and the Sun at this point.
When a comet moves around the Sun, they interact and the motion of the comet is
affected by the solar gravitation, by the galactic tide and other forces. Perturbations
from near stars or interstellar clouds can be also important.
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Chapter 2
Non-interacting system
In this Chapter we focus on the system where an object (a star or an interstellar cloud
which in reality perturb comets in the Oort cloud) does not interact with the Sun.
Here, the object moves along a straight line in an inertial frame of reference (e.g.,
galactic). The motion is given by the position vector r in the inertial frame:
r = r + r0 + v0t ⇒ r− r = r0 + v0t, (2.1)
where r0 = (x0, y0, z0) and v0 = (vx,0, vy,0, vz,0) are the initial (t = 0) position and
velocity vectors of the object with respect to the Sun, r is the position vector of the
Sun in the inertial frame of reference. To find the impact parameter we minimize the
magnitude of the second equation in Eqs. (2.1)
b = min |r− r| = min
t
|r0 + v0t| (2.2)
or
b = min
t
√
(x0 + vx,0t)2 + (y0 + vy,0t)2 + (z0 + vz,0t)2 . (2.3)
Minimizing the previous equation we find the condition
(x0 + vx,0tb)vx,0 + (y0 + vy,0tb)vy,0 + (z0 + vz,0tb)vz,0 = 0,
from which
tb = −x0vx,0 + y0vy,0 + z0vz,0
v2x,0 + v
2
y,0 + v
2
z,0
(2.4)
Putting Eq. (2.4) into Eq. (2.3) we get
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b =
1
v20
{[
x0
(
v2y,0 + v
2
z,0
)− (y0vy,0 + z0vz,0) vx,0]2
+
[
y0
(
v2x,0 + v
2
z,0
)− (x0vx,0 + z0vz,0) vy,0]2
+
[
z0
(
v2x,0 + v
2
y,0
)− (x0vx,0 + y0vy,0) vz,0]2}1/2, (2.5)
where v20 = v
2
x,0 + v
2
y,0 + v
2
z,0 .
Then, the vector of perihelion position is
q = rb − r = r0 + v0tb, tb = − x0vx,0 + y0vy,0 + z0vz,0
v2x,0 + v
2
y,0 + v
2
z,0
. (2.6)
We treated non-interacting system. In this case the impact parameter fulfills the
condition b = |q|. The impact parameter equals to the perihelion distance.
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Chapter 3
The two-body problem
The classical problem of celestial mechanics focus on the motion of one body with
respect to another under the influence of their mutual gravitation [6, p. 34], [26, p. 184].
In its simplest form, this problem is little more than the generalization of the central
force problem[26, p. 126], but in some cases the bodies are of finite size and are not
spherical. This may complicate the problem enormously as the potential fields of the
objects no longer vary as the inverse square of the distance. This causes orbits to
precess and the objects themselves to undergo gyrational motion [16, p. 71]. The
masses need not be point masses - as long as they are spherically symmetric, they act
gravitationally as if they were point masses [16, p. 71–80]. In this Chapter we compute
the path of an object (a star or an interstellar cloud) under the solar gravitation, and,
finally the impact parameter and the position vector of the perihelion. It is a typical
two-body problem. Angular momentum is conserved. We show two ways how to find
the impact parameter. For this, we use some important parameters as the reduced mass
which we defined (as is given in the literature) in the form of µ = mM/(m + M) and
the Universal Gravitational Constant G. The value of G is the same anywhere in the
Universe, and it doest not vary with time [13, 28]. Here, we adopt these assumptions,
while noting that it is a legitimate cosmological question to consider what implications
there may be if either of them is not so. G is among those fundamental constants whose
numerical value has been determined with least precision. Its currently accepted value
is (6.67259 ± 0.00085) × 10−11 Nm2kg−2 [13, 28]. It is worth noting that, while the
product GM for the Sun is known with very great precision, the mass of the Sun is
not known to any higher degree of precision than that of the gravitational constant.
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3.1 Impact parameter
Our problem is represented in Fig. 3-1. Conservation of the angular momentum yields
b r
F
  P∆
θ
α
Symmetry plane
M
m
Figure 3-1: Path of the studied object in the field of the Sun.
µv∞b = µr2ω (ω = dα/dt = v∞b/r2), where v∞ = |v∞| is the magnitude of the velocity
vector in the infinity v∞ of the object with respect to the Sun, v = |v| is the magnitude
of the velocity vector v of the object with respect to the Sun at a given time t. We
assume that the interaction between the object and the Sun can be neglected at the
initial moment. Here, m is the mass of the object, r is the object position vector at
the time t, and, b is the impact parameter.
In accordance with a simple geometry, from Fig. 3-2, where P = |Pout| = |Pin|,
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Pin
P
out
(pi−θ)/2 θθ/2
∆P
Figure 3-2: Geometric representation of the object’s momentum.
we have ∆P = 2P sin(θ/2), and from the second Newton’s law we get
F =
dP
dt
,
∆P =
∫
F cosα dt
=
∫
GmM
r2
cosα dt = GmM
∫
cosα
r2
dt
dα
dα
= GmM
∫
cosα
r2
r2
v∞b
dα =
GmM
v∞b
∫ (pi−θ)/2
−(pi−θ)/2
cosα dα
∆P =
GmM
v∞b
2 cos(θ/2) , (3.1)
where F cosα is the force projection onto ∆P. Doing an elementary comparison be-
tween the found relations for ∆P (from geometry and Newton’s law) we find the impact
parameter
b =
GmM
Pv∞
cot(θ/2) , (3.2)
since, in accordance with Fig. 2-2 and cosine theorem, |∆P|2 = 2P 2(1− cos θ), or
b =
G(m+M)
v2∞
cot(θ/2) , (3.3)
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since P = µv∞.
3.2 Trajectory
In this part, we study the motion of an object (e.g. a star) in a central field (solar
gravitational field). We compute the impact parameter and the perihelion position
vector. The mutual potential energy of two spherically symmetric distributed masses
at a distance r apart, which is the work required to bring them to a distance r from
an infinite initial separation, is
V (r) =
k
r
= −GMm
r
.
l = µvr sinϕ is the angular momentum. The position of m with respect to M , in polar
coordinates, is given by
(x, y) = |r|(cosϕ, sinϕ) .
Notice that r and ϕ are time dependent. The kinetic energy is T = µ(r˙2 + r2ϕ˙2)/2.
Therefore the Lagrangian in polar coordinates for this system is
L(r, r˙, ϕ, ϕ˙) =
µ
2
(
r˙2 + r2ϕ˙2
)− k
r
, (3.4)
from where the equations of motion are given by
d
d t
∂ L
∂ ϕ˙
− ∂ L
∂ ϕ
= 0,
d
d t
∂ L
∂ r˙
− ∂ L
∂ r
= 0. (3.5)
If the Lagrangian does not contain a given coordinate, in this case ϕ, then the coordi-
nate is said to be cyclic and the corresponding conjugate momentum is conserved. Such
quantity is the angular momentum perpendicular to the plane of motion, i.e. l = r×p,
then
l = µvr sinϕ = µv0b . (3.6)
By using Eq. (3.5) we get
d
d t
∂ L
∂ ϕ˙
= 0 ⇒ ∂ L
∂ ϕ˙
= l ⇒ ϕ˙ = l
µr2
, (3.7)
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where l is a constant of motion; and for r:
µr¨ − l
µr3
− k
r2
= 0. (3.8)
The solution of the previous equation gives the orbit of a particle in a central field. To
solve Eq. (3.8) we substitute r = 1/u. Applying the chain rule one can verify
r˙ = ϕ˙
d r
d u
d u
dϕ
⇒ r˙ = − l
µ
d u
dϕ
⇒ r¨ = − l
2u2
µ2
d2u
dϕ2
. (3.9)
Doing correct substitutions we find
d2u
dϕ2
+ u = −µk
l2
, (3.10)
which is a nonhomogeneous second order linear equation. The solutions of this equation
are of two types: along unbound orbits r → ∞ and hence u → 0, while on bound
orbits r and u oscillate between finite limits. The general solution for this equation is
u(ϕ) = α sinϕ+ β cosϕ− µk
l2
, (3.11)
where the constants α and β are given by the initial conditions. The initial incoming
state (in state) is given (see Fig. 3-1 and polar coordinates of the object) by the
condition ϕ→ pi, r˙ = − v∞ (the minus sign represents the fact that the object comes
from the left and approaches to the central field); the final outgoing state (out state)
is given (see Fig. 3-1 and polar coordinates of the object) by the condition ϕ→ 2pi−θ,
r →∞. Thus, in state yields
u(ϕ→ pi)→ 0 , β cos pi − µk
l2
= 0 ⇒ β = −µk/l2
Moreover, in accordance with (see Eq. (3.9))
r˙ = − l
µ
du
dϕ
,
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we obtain (for ϕ→ pi), with r˙ = −v∞,
α = −µv∞
l
.
The out state yields
u(ϕ→ 2pi − θ)→ 0 , −α sin θ + β cos θ − µk
l2
= 0 ,
µv0
l
sin θ − µk
l2
cos θ − µk
l2
= 0 ,
therefore
1 + cos θ =
v∞l
k
sin θ ,
=
v2∞µb
GmM
sin θ ,
=
v2∞b
G(m+M)
sin θ .
(3.12)
Then, for the impact parameter, we get
b =
G(M +m)
v2∞
1 + cos θ
sin θ
,
=
G(m+M)
v2∞
cot
(
θ
2
)
. (3.13)
which is the same result as Eq. (3.3) found in the previous subsection. The velocity
in the infinity v∞ is found from conservation of energy in the infinity and in the time
where are taken initial conditions, then the energy for initial conditions is given by
E0 =
µ
2
v20 +
k
r0
, (3.14)
and in the infinity,
E∞ =
µ
2
v2∞ . (3.15)
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Since the energy is conserved, E0 = E∞, for the speed in the infinity we get
v∞ =
√
2
µ
(
µ
2
v20 +
k
r0
)
. (3.16)
From Eq. 3.3, or from Eq. 3.13, we cannot get b, cause we do not know neither b nor
θ. For this reason it requires to use another equation. That equation is then given by
the conservation of angular momentum, µ v∞ b = µ |r0 × v0|, from where we get
b =
|r0 × v0|
v∞
, (3.17)
where we assume that the velocity vector in the infinity is perpendicular to the impact
parameter, then |er×et|∞ = 1. Hence, from previous equation we find b, and replacing
in Eq. 3.3, or in Eq. 3.13 we are able to find the dispersion angle ϕ.
We write Eq. (3.11) in a better and more familiar form, or, we just seek for a general so-
lution to Eq. (3.10) in the form of u(ϕ) = D cos(ϕ−ϕ0)−µk/l2, where D =
√
α2 + β2,
cosϕ0 = α/D, and sinϕ0 = − β/D. ϕ0 can be computed by using Tab. 3.1 given
below. Therefore,
r(ϕ) =
p
1 +  cos(ϕ− ϕ0) , (3.18)
where p = |H|2/(µk) = l2/(kµ) is the parameter (known as semi-latus rectum),  =
−(l2/kµ)A = √1 + 2El2/(µk2) is the eccentricity, E is the energy of the system and
the angle ϕ−ϕ0 is known as the true anomaly. The energy of the system is given by
E = T + V =
µr˙2
2
+
µ
2
r2ϕ˙2 +
k
r
,
where the second and the third terms represent the effective potential energy. For a
circular orbit E is a minimum, dV ′/dr = 0 ⇒ rc = −l2/µk, v =
√−k/µrc and for the
minimal value of the energy we have Emin = −k2µ/(2l2) = k/(2rc).
For the perihelion (rmin = rp) and aphelion (rmax = ra) distances, r˙ = 0⇒ E = V ′,
E = l2/(2µr2) + k/r, then
1
rp
= −µk
l2
+
√
µ2k2
l4
+
2µE
l2
,
1
ra
= −µk
l2
−
√
µ2k2
l4
+
2µE
l2
. (3.19)
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Now, we define and redefine some expressions for a better understanding: the angular
momentum H = µr × v, and the semi-major axis a = p/(1 − 2). So, for the orbit of
the object we have
p
r(ϕ)
= 1 +  cos(ϕ− ϕ0) ,
1
rp
= −µk
l2
+
√
µ2k2
l4
+
2µE
l2
,
1
ra
= −µk
l2
−
√
µ2k2
l4
+
2µE
l2
. (3.20)
where A =
√
(µ2k2)/l4 + (2µE)/l2, ϕ0 is an arbitrary constant.
An orbit for which  ≥ 1 is unbound, since r →∞ as (ϕ−ϕ0)→ arccos(−1/); the
orbit forms a hyperbola if  > 1 and a parabola if  = 1. Also, the object’s asymptotic
speed v0 as r → ∞ is related to  and l. Orbits for which  < 1 are bound, r is finite
for all values of ϕ. Furthermore, r is now a periodic function of ϕ with period 2pi, so
the object returns to its original radial coordinate after exactly one revolution in ϕ.
Thus these orbits are closed, and they form ellipses with the attracting center at one
focus.
To construct the position vector r we use the fact that r = rer, where er is the unit
vector onto the radial direction. For our case er is defined as
er = (cos Ω cos Θ− sin Ω sin Θ cos i, cos Θ sin Ω + sin Θ cos Ω cos i, sin Θ sin i), (3.21)
where Ω is the longitude of the ascending node, Θ = ω + f , ω is the argument of
periapsis (as an angle measured from the ascending node to the pericenter/periapsis),
f = 2∆ϕ is the true anomaly, and i is the inclination with respect to the reference
plane, measured at the ascending node (where the orbit passes upward through the
reference plane). It is easy to prove that the minimal distance q is given by f = 0,
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rp = a(1− ) ≡ q. The angles in Eq. (3.21) can be found by using (Klacˇka 2004)
sin Ω sin i =
Hx
|H| , − cos Ω sin i =
Hy
|H| , i = arccos
(
Hz
|H|
)
,
sin Θ sin i =
z
r
, cos Θ sin i =
yHx − xHy
r|H| . (3.22)
sin(Θ− ω) = v · er

√
G(M +m)/p
, cos(Θ− ω) = v · et

√
G(M +m)/p
− 1

,
where v is the velocity of the object given by the radial (vr =
√
G(M +m)/p  sin f)
and transversal (vt =
√
G(M +m)/p(1 +  cos f)) components,
v = vrer + vtet, (3.23)
and et is the unit vector onto the transversal direction
et = (− cos Ω sin Θ− sin Ω cos Θ cos i,− sin Ω sin Θ + cos Ω cos Θ cos i, cos Θ sin i).
(3.24)
By finding the angles in previous equations one can build the object’s position vector
r. We focus on two special positions, for an initial time (all used parameters with index
zero, 0) and for the time when the object passes the perihelion (all used parameters
with index p). For initial conditions r0 = (x0, y0, z0), v0 = (vx,0, vy,0, vz,0) ⇒ H0 ≡
(Hx,0, Hy,0, Hz,0), H0 = µr0 × v0, the angle i0 is computed as
i0 = arccos
(
Hz,0
|H0|
)
, (3.25)
the previous relation is a number given by initial conditions. Since we know i0, in
Eqs. (3.22) we have two equations by which we are able to find Ω0,
sin Ω0 =
Hx,0
|H0| sin i0 , cos Ω0 = −
Hy,0
|H0| sin i0 . (3.26)
To choose the right angle quadrant, and therefore the right angle, we have to know the
signs of the right sides in previous equations. Since we find these problems in several
parts of this Thesis, we show a table (which can be used as algorithm) to choose the
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right (quadrant) angle. Let
cosϑ = A ,
sinϑ = B , (3.27)
where A and B are known numbers computed from the right sides of given equations.
These numbers can be positive or negative, then we need to know which quadrant the
angle belongs. It is recommended to remember where sinϑ, cosϑ and tanϑ are positive
(or negative). Table 3.1 allows us to solve problems as the given in Eq. (5.16).
sinϑ > 0 sinϑ < 0 sinϑ = 0
cosϑ > 0 ϑ = arccosA ϑ = 2pi − arccosA ϑ = 0
cosϑ < 0 ϑ = arccosA ϑ = 2pi − arccosA ϑ = pi
cosϑ = 0 ϑ = pi/2 ϑ = 3pi/2
Table 3.1: Choosing the right angle.
Doing the same, from Eqs. (3.22), Θ0 is computed as
sin Θ0 =
z0
r0 sin i0
, cos Θ0 =
y0Hx,0 − x0Hy,0
r0|H0| sin i0 . (3.28)
In Eq. (3.28) we have the same problem as before with the right side signs, and for
this we use Table 3.1. Until now we should know from previous Equations i0,Ω0 and
Θ0. The last angle which we have to find is ω0, and doing the same as before where in
Eqs. (3.22) we also have two equations,
sin(Θ0 − ω0) = v0 · er,0

√
G(M +m)/p
, cos(Θ0 − ω0) = v0 · et,0

√
G(M +m)/p
− 1

, (3.29)
the right angle is found by using the same way, by Table 3.1. i0, Ω0, Θ0 and ω0
are now known values which help us to build the unit radial and transversal vectors,
Eq. (3.21) and Eq. (3.24), respectively. And hence it helps us to construct the position
and velocity vectors. In Eq. (3.29) v0 and er,0 may be found from initial conditions or
just by using the known values of the angles as et,0 is found. Now, for the perihelion (all
used parameters with index p) distance f = 0 and |rp| = |(xp, yp, yp)| = a(1 − ) ≡ q,
then the perihelion vector of position is easily computed from rp = rper,p. The point
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here is to calculate (xp, yp, zp), and we carry this out by using Eq. (3.21) and the values
of angles from Eqs(3.25 - 3.29). Hence
xp = rp(cos Ω0 cos Θp − sin Ω0 sin Θp cos i0),
yp = rp(cos Θp sin Ω0 + sin Θp cos Ω0 cos i0),
zp = rp sin Θp sin i0 .
In the previous equation rp, Ω0, i0 are known and since fp = 0 (for the perihelion),
Θp = ω0, then the perihelion position vector q is definitely given by
q ≡ rp = (xp, yp, zp) =

xp = rp(cos Ω0 cosω0 − sin Ω0 sinω0 cos i0),
yp = rp(cosω0 sin Ω0 + sinω0 cos Ω0 cos i0),
zp = rp sinω0 sin i0 .
(3.30)
As we can see, the perihelion position vector q for the two-body problem is given by
Eq. (3.30). The angles, which allow us to build the position vector, are computed from
Eqs.(3.25), (3.26), (3.28) and from Eq. (3.29).
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Chapter 4
Galactic tide
In this chapter we choose our reference frame in the galactic center (GC). In adition
to the gravitational influence of the Sun, we consider that the object is perturbed by
the gravitational effects of the Galaxy. As before we focus on the relative motion of
the object with respect to the Sun. Global galactic gravitational field influences the
relative motion of two close bodies in the form of galactic tide.
4.1 Model of Galaxy
A spiral galaxy like the Milky Way (Galaxy) has three basic components to its visible
matter: the disk (containing the spiral arms), the halo, and the nucleus or central bulge
[7]. Simple models can be construct by neglecting spiral structure of the Galaxy. There
are several galactic models, as of Dauphole [3], which considers spherical symmetry
for galactic bulge and halo and cylindrical symmetry for galactic disk [3]. Drawback
of this model is that it does not yield values of Oort constants corresponding to A =
(14.2±0.5) km s − 1kpc − 1 and B = (−12.4±0.5) km s−1kpc−1. Another disadvantage
is that the model cannot be used as a realistic model of Galaxy for galactocentric
distances larger than 40 kpc, since the model produces a decreasing rotation curve for
these distances.
We consider the model given in [19], better consistent with values of the Oort
constants and with flat rotation curve of the Galaxy. This model considers galactic
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bulge (index b) of Dauphole [3] and its gravitational potential is
Φb(r) = − GMb√
r2 + b2b
,
Mb = 1.3955× 1010M,
bb = 0.35 kpc, (4.1)
where G is the gravitational constant.
Galactic disk in this model [19, 7] is represented by mass density function given by
%d(R, z) = %0
[
exp
(−R
Rd
)
exp
(−|z|
hd
)]
, (4.2)
where Rd = (3.5 ± 0.5) kpc is the scale length of the disk1, hd = 330 pc is the charac-
teristic scale hight for the lower-mass (older) objects in the disk and hd = 160 pc for
the gas-dust disk.
Finally, the simple model of galactic halo is given by a flat rotation curve. The
rotation curve is given by circular speed vh(r) for spherical halo as
v2h(r) = v
2
H
{
1− αaH
r
arctan
(
r
aH
)
− (1 − α) exp
[
−
(
r
bH
)]}
vH = 220 kms
−1,
α = 0.174,
aH = 0.04383 kpc,
bH = 37.3760 kpc. (4.3)
For more details about the model, see [19].
4.1.1 Motion in Galaxy near to the galactic equator
The model described in [19] considers an approximation when global galactic gravita-
tional field is described by cylindrically symmetric potential Φ(R, z), where R is the
distance from the axis of rotation and z the coordiante of a body above/below the
galactic plane (z = 0 corresponds to the galactic equatorial plane; right-handed system
1 Notice that at R = 8 kpc the Sun is in outer regions of the galactic disk
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x− y − z has its origin at the center of the Galaxy, z is positively oriented toward the
north pole of the Galaxy; R =
√
x2 + yy). The galactic gravitational potential is gen-
erated by mass distribution within the Galaxy. Then, bulge, halo and disk contribute
to the total gravitational field. The bulge contribution is computed from Eq. (4.1), for
the disk contribution is given by the solution to the Poisson’s equation with right side
given in Eq. (4.2), and, finally for the halo is given by using Eq. (4.3). Acceleration of
the body is found from the total gravitational field.
We focus on the relative motion of a object with respect to the Sun. The Sun
is moving in a distance R = 8 kpc from the galactic center. Nowadays, the Sun is
situated 30 pc above the galactic equatorial plane (Z = 30 pc). The Sun has rotational
motion with speed (A − B)R and vertical (in the normal direction to the galactic
plane) with speed 7.3 km/s. As we said, our system of coordinates is the galactic center.
The position vector of the Sun is given by (X, Y, Z), of the object by (X?, Y?, Z?),
and the relative positon vector Sun - object by r = (ξ, η, ζ).
The total action of all galactic components explained in [19], can be summarized
in the following equations
d2X?
dt2
= − v
2
0
R2
{
X + ξ + 2
(
R
v′0
v0
− 1
)[(
X
R
)2
ξ +
XY
R2
η
]
− X[Γ1(Z2 + 2 Z ζ) −
1
2
Γ2(Z
4
 + 4 Z
3
 ζ)]
}
,
d2Y?
dt2
= − v
2
0
R2
{
Y + η + 2
(
R
v′0
v0
− 1
)[
XY
R2
ξ +
(
Y
R
)2
η
]
− Y[Γ1(Z2 + 2 Z ζ) −
1
2
Γ2(Z
4
 + 4 Z
3
 ζ)]
}
,
d2Z?
dt2
= −
{
4piG
[
%d
(
1 − u
2
|Z?|
)
+ %h
]
+ 2
(
A2 − B2)}Z?
− 4piG
{
X
R
(X? − X + Y
R
(Y? − Y)
}
×
×
{
%′d
(
1 − u
2
|Z?|
)
+ %′h
}
Z? , (4.4)
where higher order in ξ, η, ζ are neglected and %′ = %′d + %
′
h, % = %d + %h. For the
galactic plane [v(R)]2 = v20{1 + 2(v′0/v0)(Xξ + Yη)/R}, where the prime denotes
differentiation with respect to R, (v0 ≡ vR0 , v′0 ≡ [dv(R)/dR]R0) and, again, higher
orders in ξ and η are neglected. We dealing only with |z|  1 kpc.
37
Equations of motion for the relative motion of the object with respect to the Sun
are in detail described, explained and deduced in [19]. From where we have
d2ξ
dt2
= − G(M +m)
r3
ξ + (A − B)[A + B + 2A cos(2ω0t)]ξ
− 2A(A − B) sin(2ω0t)η + 2(A − B)2(Γ1 − Γ2Z2)RZ cos(ω0t)ζ ,
d2η
dt2
= − G(M +m)
r3
η + (A − B)[A + B − 2A cos(2ω0t)]η
− 2A(A − B) sin(2ω0t)ξ − 2(A − B)2(Γ1 − Γ2Z2)RZ sin(ω0t)ζ ,
d2ζ
dt2
= − G(M +m)
r3
ζ − 4piG
{
%ζ − %du
2
[|Z + ζ|(Z + ζ) − |Z|Z]
}
− 2 (A2 − B2) ζ
− 4piG
(
%′ − %′d
u
2
|Z + ζ|
)
(Z + ζ) [cos(ω0t)ξ − sin(ω0t)η] ,
r =
√
ξ2 + η2 + ζ2 ,
ω0 = A − B , (4.5)
where the first term in each equation (for each coordinate) represents the gravitational
interaction between them, and for z coordinates (in application to the Sun and star
–or gas cloud),
d2Z
dt2
= −
{
4piG
[
%d
(
1 − u
2
|Z|
)
+ %h
]
+ 2
(
A2 − B2)}Z ,
d2Z?
dt2
= −
{
4piG
[
%d
(
1 − u
2
|Z?|
)
+ %h
]
+ 2
(
A2 − B2)}Z?
− 4piG
{
X
R
(X? − X) + Y
R
(Y? − Y)
}
×
×
{
%′d
(
1 − u
2
|Z?|
)
+ %′h
}
Z? , (4.6)
where %′ = %′d + %
′
h, % = %d + %h, X = R cos(−ω0t), Y = R sin(−ω0t) 2, G is
the gravitational constant, M is the mass of the Sun and the numerical values of the
2Here, the sign minus at angular velocity (−ω0) denotes negative orientation of the galactic rotation
(clockwise orientation/direction of the solar motion with respect to the center of the Galaxy)
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used quantities are
A = 14.2 kms−1kpc−1 ,
B = − 12.4 kms−1kpc−1 ,
Γ1 = 0.124 kpc
−2 ,
Γ2 = 1.586 kpc
−4 ,
%d = 0.126Mpc−3 ,
%h = 0.004Mpc−3 ,
%′d = − 0.0360Mpc−3kpc−1 ,
%′h = − 0.0006Mpc−3kpc−1 ,
u = 3.3 kpc − 1 . (4.7)
In our computations it is important to consider two cases in the density: u = 0 kpc−1
and u = 3.3 kpc−1, and we expect better results for the second case. In next sections
we solve the equations of motion for any value of u. As first step we analytically solve
the equation for the Sun, which represents vertical motion.
4.1.2 Analytical solution to the solar equation of motion along
the z-axis
In this subsection we give an analytical solution to the solar equation of motion for the
z direction, which is given by
d2Z
dt2
= −
{
4piG
[
%d
(
1 − u
2
|Z|
)
+ %h
]
+ 2
(
A2 − B2)}Z , (4.8)
which represents the solar anharmonic oscillations along the z-axis. Initial conditions
for this equation are given by currently (at the time t = 0) observed values:
Z(0) = 30 pc, Z˙(0) = 7.3 kms−1 . (4.9)
Eq. (4.8) can be written as
d2Z
dt2
= − γ20Z + κ|Z|Z , (4.10)
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where
γ2 = 4piG(%d + %h) + 2
(
A2 − B2) ,
κ = 2piGu%d . (4.11)
For u = 0, κ = 0, Eq. (4.8) describes the known simple harmonic oscillations. Taking
into account the non-linear term (u 6= 0), we solve Eq. (4.10) considering the method
of succesive approximations [6, p. 102]. Here, we suppose a general solution in the form
of
Z(t) = Z
(1)
 (t) + Z
(2)
 (t) , (4.12)
where initial conditions for Z
(1)
 are given by Eq. (4.9) and Z
(2)
 (0) = 0 pc, and Z˙
(2)
 (0) =
0 kms−1 satisfy the general initial conditions, Eq. (4.9). Also, |Z(2) |  |Z(1) |, and
functions Z
(1)
 satisfy the non-perturbative equation
d2Z
(1)

dt2
+ γ20Z
(1)
 = 0 . (4.13)
Eq. (4.13) represents ordinary harmonic oscillations
Z
(1)
 (t) = a cos(γt + φ) , (4.14)
where a and φ are found from initial conditions given by Eq. (4.9). Eq. (4.14) can be
written as Z
(1)
 = c1 cos(γt) + c2 sin(γt), then by using Eq. (4.9) we get c1 = Z(t = 0)
and c2 = Z˙(t = 0)/γ. Also, it implies that a =
√
c21 + c
2
2, cosφ = c1/a and
sinφ = − c2/a. The angle φ is then found by using the Tab. 3.1. We look for γ
as γ = γ0 + γ
(1) + . . . , and we write Eq. (4.10) in a convenient equivalent form for
negative values of Z3
γ20
γ2
Z¨ + γ20Z = − κZ20 −
(
1 − γ
2
0
γ2
)
Z¨ . (4.15)
3|Z| = − Z for negative Z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The next step is to plug Eq. (4.12) into Eq. (4.15)
LHS = RHS ,
LHS ≡ γ
2
0
γ2
Z¨
(1)
 + γ
2
0Z
(1)
 +
γ20
γ2
Z¨
(2)
 + γ
2
0Z
(2)
 ,
RHS ≡ − κ
(
Z
(1)
 + Z
(2)

)2
−
(
1 − γ
2
0
γ2
)(
Z¨
(1)
 + Z¨
(2)

)
. (4.16)
Taking into account first order terms and needed derivatives of Z
(1)
 , we have
Z¨
(2)
 + γ
2
0Z
(2)
 = − κa2 cos2(γt + φ) −
(
1 − γ
2
0
γ2
)( − aγ2 cos(γt + φ)) ,
(4.17)
where γ > 0, cos2(γt + φ) = 1/2 + [cos(2γt + 2φ)]/2, and γ2 − γ20 ≈
[γ(1)]2 + 2γ0γ
(1). Neglecting second order terms, γ2 − γ20 ≈ 2γ0γ(1), we get
Z¨
(2)
 + γ
2
0Z
(2)
 = −
κa2
2
− κa2 cos(2γt + 2φ) + 2γ20γ(1) cos(γt + φ) . (4.18)
We assume that there is no resonance, then the amplitude of cos(γt+φ) (on the right
side) have to be zero, then for γ(1) = 0, Eq. (4.18) gives
Z¨
(2)
 + γ
2
0Z
(2)
 = −
κa2
2
− κa2 cos(2γt + 2φ) , γ = γ0 , (4.19)
with initial conditions given by Z
(2)
 (0) = 0 pc, and Z˙
(2)
 (0) = 0 kms
−1. Eq. (4.19) is
a nonhomogeneous second order linear equation. Recall that the general solution is
given by Z
(2)
 = Z
(2)
0,h + Z
(2)
0,p , where Z
(2)
0,h is the solution of the associated homogeneous
equation (without right side) and Z
(2)
0,p is a particular solution of Eq. (4.19).
Now, the solution of the homogeneous equation is well known and we look for it in
the form of
Z
(2)
0,h(t) = A cos(γt + φ
′) = c′1 cos(γt) + c
′
2 sin(γt) , (4.20)
where A and φ′ are found from initial conditions and can be computed by using c′1,2 as
A =
√
c′21 + c
′2
1 , cosφ
′ = c′1/A and sinφ
′ = − c′2/A. The angle φ′ may be computed
by using the Tab. 3.1, or we just use the second expression of Eq. (4.20).
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We guess the particular solution to be
Z
(2)
0,p(t) = b cos(2γt + 2φ) + c . (4.21)
Then, putting the previous equation and its respective derivatives into Eq. (4.19) we
find b and c. For a better description of negative and positive values of Z, we define
the parameter q as
q =
 + 1, Z > 0− 1, Z < 0
Hence, for both negative and positive values of Z, the particular solution of
Eq. (4.19) is given by
Z
(2)
0,p(t) = − q
κa2
2γ20
[
cos(2γt + 2φ)
3
− 1
]
(4.22)
As we wrote above, Z
(2)
 = Z
(2)
0,h + Z
(2)
0,p , then
Z
(2)
 (t) = c
′
1 cos(γt) + c
′
2 sin(γt) − q
κa2
2γ20
[
cos(2γt + 2φ)
3
− 1
]
. (4.23)
As last step, we have to evaluate the solution in initial conditions to find c′1 and c
′
2
c′1 = q
κa2
2γ2
[
cos(2φ)
3
− 1
]
, c′2 = − q
κa2
γ2
cos(2φ)
3
. (4.24)
Then,
Z
(2)
 (t) = q
κa2
2γ2
[
cos(2φ)
3
− 1
]
cos(γt) − qκa
2

γ2
cos(2φ)
3
sin(γt)
− qκa
2

2γ20
[
cos(2γt + 2φ)
3
− 1
]
. (4.25)
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Putting back Eq. (4.25) and Eq. (4.14) into Eq. (4.12) we get
Z = Z
(1)
 + Z
(2)
 ,
= Z(0) cos(γt) +
Z˙(0)
γ
sin(γt)
+ q
κa2
2γ2
[
cos(2φ)
3
− 1
]
cos(γt) − qκa
2

γ2
cos(2φ)
3
sin(γt)
− qκa
2

2γ20
[
cos(2γt + 2φ)
3
− 1
]
. (4.26)
Previous equation represents anharmonic oscillations of the Sun along the z - axis
across the galactic equator.
4.2 Simple model
For a better understanding we propose a simple model in the relative motion of the
Sun-object, e.g. a star or an interstellar gas cloud. In this simple model we suppose a
closest motion of the object with respect to the Sun and we do not consider gravitational
interaction between these two bodies. Since we focus on the closest stars with respect
to the Sun, it is a good approach to consider that the relative motion of the object with
respect to the Sun depends linearly on time for x and y coordinates and that there are
anharmonic oscillations along the z-axis. Then,
∆X(t) = ∆X˙0(t0) (t− t0) + ∆X0(t0) ,
∆Y (t) = ∆Y˙0(t0) (t− t0) + ∆Y0(t0) ,
∆Z(t) = Z?(t) − Z(t), (4.27)
where initial conditions at t0, ∆X0(t0), ∆X˙0(t0), ∆Y0(t0), ∆Y˙0(t0), ∆Z0(t0) and ∆Z˙0(t0)
are given by observational data that we measure with respect to the Sun. For a given
time t0, we have,
∆X0(t0) = X?(t0 − r0/c) − X(t0) ,
∆Y0(t0) = Y?(t0 − r0/c) − Y(t0) ,
∆Z0(t0) = Z?(t0 − r0/c) − Z(t0) , (4.28)
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and
∆X˙0(t0) = X˙?(t0 − r0/c) − X˙(t0) ,
∆Y˙0(t0) = Y˙?(t0 − r0/c) − Y˙(t0) ,
∆Z˙0(t0) = Z˙?(t0 − r0/c) − Z˙(t0) , (4.29)
where physics is respected. The speed of light, c, may play an important role for the
signals coming from the studied object. For this reason we subtract the travelled time
of the signal |r0|/c. |r0| = r0 is the heliocentric distance of the object at the time t0.
For the motion along the z-axis we consider Eqs. (4.6). Since we consider objects
which are close to the Sun, it is a good approach to describe the object’s motion by
the first part of the first equation in Eqs. (4.6) (the same equation as for the Sun, first
equation in Eqs. (4.6), the difference lies in initial conditions, only). In reality, the
approximation represented by Eqs. (4.27) is not required in general case.
4.2.1 Star’s oscillation along the z-axis
In this subsection we describe the oscillations of the object along the z-axis, where
we do not take into account the gravitational interaction Sun-object. As we said, we
consider that the motion of the object is described by the same equation as for the Sun
(first part of the second equation given in Eqs. (4.6)). Then,
d2Z?
dt2
= −
{
4piG
[
%d
(
1 − u
2
|Z?|
)
+ %h
]
+ 2
(
A2 − B2)}Z?, (4.30)
which represents the object’s anharmonic oscillations along the z - axis. We get initial
conditions from the third equation of (4.28) and of (4.29),
Z?(t0 − r0/c) = ∆Z0(t0) + Z(t0), Z˙?(t0 − r0/c) = ∆Z˙0(t0) + Z˙(t0). (4.31)
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where ∆Z0(t0) and ∆Z˙0(t0) are known values from observations. Then, doing the same
as for the solar motion along the z-axis, we get
Z?(t) = Z
(1)
? (t) + Z
(2)
? (t) ,
= Z?(0) cos(γt) +
Z˙?(0)
γ
sin(γt)
+ q?
κa2?
2γ2
[
cos(2φ?)
3
− 1
]
cos(γt) − q?κa
2
?
γ2
cos(2φ?)
3
sin(γt)
− q?κa
2
?
2γ20
[
cos(2γt + 2φ?)
3
− 1
]
. (4.32)
where,
q? =
 + 1, Z? > 0− 1, Z? < 0
Homogeneous equation for the star, Z
(1)
? = a? cos(γt + φ?), can be written as Z
(1)
? =
c1 cos(γt) + c2 sin(γt), then by using initial conditions at t = 0 we get c1 = Z?(t = 0)
and c2 = Z˙?(t = 0)/γ. Also, it implies that a? =
√
c21 + c
2
2, cosφ? = c1/a? and
sinφ? = − c2/a?. The angle φ? is then found by using the Tab. 3.1.
In the next subsection we show the way how to obtain initial conditions, Z?(0) and
Z˙?(0), for the case when u = 0. We also show how to find these initial conditions for
others values of u.
4.2.2 Initial conditions for the motion along the z-axis (u = 0)
Here, we show a way to find initial conditions for the motion along the z-axis when
u = 0. From Eq. (4.32), the z-component of the star’s position at t0 = 0 is
Z?
(
−r0
c
)
= Z?(0) cos
(
γ
r0
c
)
− Z˙?(0)
γ
sin
(
γ
r0
c
)
(4.33)
and the z-component of the star’s velocity at t0 = 0 is
Z˙?
(
−r0
c
)
= Z?(0) γ sin
(
γ
r0
c
)
+ Z˙?(0) cos
(
γ
r0
c
)
(4.34)
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where, From Eq. (4.31) we compute the left side of Eq. (4.33) and of Eq. (4.34). Then,
Z?(−r0/c) and Z˙?(−r0/c) are given by
Z?
(
−r0
c
)
= ∆Z0(0) + Z(0) ,
Z˙?
(
−r0
c
)
= ∆Z˙0(0) + Z˙(0) . (4.35)
In Eqs. (4.35), ∆Z0(0) and ∆Z˙0(0) are given from measured data, and, Z(0) and Z˙
are known values from Eqs. (4.9), then Z?(−r0/c) and Z˙?(−r0/c) are known values.
Since in Eq. (4.33) and in Eq. (4.34) the unique unknown values are Z?(0) and Z˙?(0),
we have a nonhomogeneous system of equations. Putting to the right side all known
values for the system, we get
Z?(0) cos
(
γ
r0
c
)
− Z˙?(0)
γ
sin
(
γ
r0
c
)
= g1 ,
Z?(0) γ sin
(
γ
r0
c
)
+ Z˙?(0) cos
(
γ
r0
c
)
= g2 , (4.36)
where g1 and g2 are known values given by
g1 = Z?
(
−r0
c
)
, (4.37)
g2 = Z˙?
(
−r0
c
)
. (4.38)
We rewrite Eqs. (4.36) as a matrix equation, Ax = B,
 cos (γr0/c) − sin (γr0/c) /γ
γ sin (γr0/c) cos (γr0/c)
 Z?(0)
Z˙?(0)
 =
 g1
g2
 (4.39)
Here, we look for (Z?(0), Z˙?(0))
t. Since det(A) = cos2(γr0/c)+sin
2(γr0/c) = 1 6= 0, the
nonhomogeneous system of linear equations (4.36) has a unique non-trivial solution.
Then, by using the Cramer’s rule, we get
Z?(0) =
∣∣∣∣∣∣ g1 − sin (γr0/c) /γg2 cos (γr0/c)
∣∣∣∣∣∣ , (4.40)
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Z˙?(0) =
∣∣∣∣∣∣ cos (γr0/c) g1γ sin (γr0/c) g2
∣∣∣∣∣∣ . (4.41)
Thus, the solution for the star’s oscillations along the z-axis when u = 0 is then given
by
Z?(t) = Z?(0) cos(γt) +
Z˙?(0)
γ
sin(γt) , (4.42)
with initial conditions Z?(0) and Z˙?(0), which are given by Eq. (4.40) and by Eq. (4.41),
respectively, together with observational data represented by Eqs. (4.35).
4.2.3 Initial conditions for the object’s motion along x, y and
z directions (u 6= 0)
Because we already showed how to find initial conditions at t0 = 0 for the motion of
the object along the z-axis for the case when oscillations represent harmonic motion
(u = 0), in this section we give an description to find initial conditions at t0 for the
object’s motion along the x, y and z axis. From measurements we are able to know
∆X0(t0) = X?(t0 − r0/c) − X(t0) ,
∆Y0(t0) = Y?(t0 − r0/c) − Y(t0) ,
∆Z0(t0) = Z?(t0 − r0/c) − Z(t0) , (4.43)
and
∆X˙0(t0) = X˙?(t0 − r0/c) − X˙(t0) ,
∆Y˙0(t0) = Y˙?(t0 − r0/c) − Y˙(t0) ,
∆Z˙0(t0) = Z˙?(t0 − r0/c) − Z˙(t0) . (4.44)
In right sides of previous equations are represented the differences that we measure from
observational data (from equatorial coordinates). Now, in addition to the left sides of
previous equations that are known from observational data, we suppose we know the
coordinates of the Sun for the time t0. Then, we solve previous equation where the only
unknown values are X?(t0), Y?(t0), Z?(t0), X˙?(t0), Y˙?(t0) and Z˙?(t0). We also suppose
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that the velocity and position vector of the object are infinitely differentiable in a
neighborhood of t0, then, considering the Taylor expansion for these object’s functions
we get
∆X0(t0) = X?(t0) − X(t0) − X˙?(t0)r0
c
+
1
2
X¨?(t0)
(r0
c
)2
. . . ,
∆Y0(t0) = Y?(t0) − Y(t0) − Y˙?(t0)r0
c
+
1
2
Y¨?(t0)
(r0
c
)2
. . . ,
∆Z0(t0) = Z?(t0) − Z(t0) − Z˙?(t0)r0
c
+
1
2
Y¨?(t0)
(r0
c
)2
. . . , (4.45)
and
∆X˙0(t0) = X˙?(t0) − X˙(t0) − X¨?(t0)r0
c
+ . . . ,
∆Y˙0(t0) = Y˙?(t0) − Y˙(t0) − Y¨?(t0)r0
c
+ . . . ,
∆Z˙0(t0) = Z˙?(t0) − Z˙(t0) − Z¨?(t0)r0
c
+ . . . , (4.46)
where,
r0(t0) = [∆X0(t0), ∆Y0(t0), ∆Z0(t0)] ,
v0(t0) = [∆X˙0(t0), ∆Y˙0(t0), ∆Z˙0(t0)] ,
r?(t0) = [X?(t0) − X(t0), Y?(t0) − Y(t0), Z?(t0) − Z(t0)] ,
v?(t0) = [X˙?(t0) − X˙(t0), Y˙?(t0) − Y˙(t0), Z˙?(t0) − Z˙(t0)] . (4.47)
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From observational data we measure r0(t0) and v0(t0). X¨?(t0) and Y¨?(t0) are given by
X¨?(t0) = − v
2
0
R2
{
X(t0) + ξ(t0) + 2
(
R
v′0
v0
− 1
)
×
×
[(
X(t0)
R
)2
ξ(t0) +
X(t0) Y(t0)
R2
η(t0)
]
− X(t0)[Γ1(Z2(t0) + 2 Z(t0) ζ(t0))
− 1
2
Γ2(Z
4
(t0) + 4 Z
3
(t0) ζ(t0))]
}
,
Y¨?(t0) = − v
2
0
R2
{
Y(t0) + η(t0) + 2
(
R
v′0
v0
− 1
)
×
×
[
X(t0)Y(t0)
R2
ξ(t0) +
(
Y(t0)
R
)2
η(t0)
]
− Y(t0)[Γ1(Z2(t0) + 2 Z(t0) ζ(t0))
− 1
2
Γ2(Z
4
(t0) + 4 Z
3
(t0) ζ(t0))]
}
,
Z¨?(t0) = −γ2Z?(t0) + κZ?(t0)|Z?(t0)| , (4.48)
where ξ(t0) = X?(t0) − X(t0), η(t0) = Y?(t0) − Y(t0) ζ(t0) = Z?(t0) − Z(t0). The
last equation is equivalent to Eqs. (4.5) without the two-body problem terms. To
have a better understanding of the motion and to know the role of the light velocity
it is important to find initial conditions for the motion along the x and y directions.
Considering that measured values ∆X˙0(t0), ∆Y˙0(t0) and ∆Z˙0(t0) are given by first and
second derivatives (the first two terms of the Taylor expansion), we may neglect higher
terms in Eqs. (4.46). Hence,
∆X˙0(t0) = X˙?(t0) − X˙(t0) − X¨?(t0)
(r0
c
)
,
∆Y˙0(t0) = Y˙?(t0) − Y˙(t0) − Y¨?(t0)
(r0
c
)
,
∆Z˙0(t0) = Z˙?(t0) − Z˙(t0) − Z¨?(t0)
(r0
c
)
, (4.49)
49
therefore, X˙?(t0), Z˙?(t0) and Z˙?(t0) are given by
X˙?(t0) = ∆X˙0(t0) + X˙(t0) + X¨?(t0)
(r0
c
)
,
Y˙?(t0) = ∆Y˙0(t0) + Y˙(t0) + Y¨?(t0)
(r0
c
)
,
Z˙?(t0) = ∆Z˙0(t0) + Z˙(t0) + Z¨?(t0)
(r0
c
)
. (4.50)
Putting back Eq. (4.50) into Eq. (4.45) we get
∆X0(t0) = X?(t0) − X(t0)
−
[
∆X˙0(t0) + X˙(t0) + X¨?(t0)
(r0
c
) ]r0
c
+
1
2
X¨?(t0)
(r0
c
)2
,
∆Y0(t0) = Y?(t0) − Y(t0)
−
[
∆Y˙0(t0) + Y˙(t0) + Y¨?(t0)
(r0
c
) ]r0
c
+
1
2
Y¨?(t0)
(r0
c
)2
,
∆Z0(t0) = Z?(t0) − Y(t0)
−
[
∆Z˙0(t0) + Y˙(t0) + Z¨?(t0)
(r0
c
) ]r0
c
+
1
2
Z¨?(t0)
(r0
c
)2
, (4.51)
then,
X?(t0) = ∆X0(t0) + X(t0)
+
[
∆X˙0(t0) + X˙(t0) +
1
2
X¨?(t0)
(r0
c
) ]r0
c
,
Y?(t0) = ∆Y0(t0) + Y(t0)
+
[
∆Y˙0(t0) + Y˙(t0) +
1
2
Y¨?(t0)
(r0
c
) ]r0
c
,
Z?(t0) = ∆Z0(t0) + Y(t0)
+
[
∆Z˙0(t0) + Z˙(t0) +
1
2
Z¨?(t0)
(r0
c
) ]r0
c
. (4.52)
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Previous equations represent the initial conditions at time t0 for the object’s motion
along the x, y and z directions. To describe the relative motion along x, y and z
directions, we have to know the initial conditions for each motion. First, we find the
initial conditions for the motion along z, then we put this into first and second equations
of Eqs. (4.48), and therefore we put these two equations for X¨?(t0) and Y¨?(t0) into first
and second equations of Eqs. (4.52). From this we get a system of two equations for
X?(t0) and Y?(t0). By solving this system we find the initial conditions for the motion
along x and y. Since in this Chapter we focus on the solar and star’s motion along the
z-axis, we give a complete expression for initial conditions of the motion along z. We
solve the second order equation given by
a Z2?(t0) + b Z?(t0) + c = 0 , (4.53)
then, we get
Z?(t0) =
− b ± √b2 − 4 a c
2 a
, (4.54)
where,
a =
[
κ
(r0
c
)2
+
κ
2
(r0
c
)2]
=
3κ
2
(r0
c
)2
,
b =
[
1 + γ2
(r0
c
)2
− γ
2
2
(r0
c
)2]
=
[
1 +
γ2
2
(r0
c
)2]
,
c = −
[
Z(t0) + Z˙(t0)
(r0
c
)
+ ∆Z0(t0) + ∆Z˙0(t0)
(r0
c
)]
, (4.55)
are computed values from known parameters described in this chapter. To compute
the initial condition of the velocity at t0 we can use the third equation of Eqs. (4.50),
from where we get
Z˙?(t0) = ∆Z˙0(t0) + Z˙(t0) +
[−γ2Z?(t0) + κZ?(t0)|Z?(t0)|] (r0
c
)
, (4.56)
where we replaced the value of Z¨?(t0) by the third equation of Eqs. (4.48). Here, γ and κ
are computed from Eqs. (4.11), r0, ∆Z0(t0), ∆Z˙0(t0) are given from observational data
by Eqs. (4.43,4.44), c is the speed of light, Z(t0) and Z˙(t0) are given by Eqs. (4.9).
As we explained in this chapter, we focus on the relative motion Sun-object, where
objects are considered to be close to the Sun. In our computations we show results for
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objects which are close to the Sun. Since at this moment the solar motion along the
z-axis is oriented toward up, and in adition the Sun is situated 30 pc above the galactic
equatorial plane, we focus our study on positive values of Z?(t0). Also, in our work we
carry out computations assuming that t0 = 0.
4.2.4 The perihelion position vector
In this subsection we compute the perihelion position vector q for this simple case. We
proceed as for the non-interacting system. We minimize the following equation
r(t) =
√
[∆X(t)]2 + [∆Y (t)]2 + [∆Z(t)]2 , (4.57)
where ∆X, ∆Y and ∆Z are given in Eqs. (4.27). For ∆Z = Z?(t) − Z(t) we get
∆Z(t) = Z?(t) − Z(t) ,
= k1 sin(γt) + k2 cos(γt) − k3 cos(2γt)
+ k4 sin(2γt) + k5 , (4.58)
where,
k1 =
Z˙?(0) − Z˙(0)
γ
− [q?a2? cos(2φ?) − qa2 cos(2φ)] κ3γ2 ,
k2 = [Z?(0) − Z(0)] +
{
q?a
2
?
[cos(2φ?)
3
− 1
]
− qa2
[cos(2φ)
3
− 1
]} κ
2γ2
,
k3 =
[
q?a
2
? cos(2φ?) − qa2 cos(2φ)
] κ
6γ20
,
k4 =
[
q?a
2
? sin(2φ?) − qa2 sin(2φ)
] κ
6γ20
,
k5 =
(
q?a
2
? − qa2
)
, (4.59)
are known values. The point is easy, to find (r)min = rmin, at first we look for (t)min =
tmin, and that is all. Minimizing Eq. (4.57), we find
0 =
[
∆X˙0(0) t + ∆X0(0)
]
∆X˙0(0) +
[
∆Y˙0(0) t + ∆Y0(0)
]
∆Y˙0(0)
+ [k1 sin(γt) + k2 cos(γt)− k3 cos(2γt) + k4 sin(2γt) + k5]×
× [γk1 cos(γt)− γk2 sin(γt) + 2γk3 sin(2γt) + 2γk4 cos(2γt)] . (4.60)
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Previous equation may be written as
0 =
[
∆X˙0(0) t + ∆X0(0)
]
∆X˙0(0) +
[
∆Y˙0(0) t + ∆Y0(0)
]
∆Y˙0(0)
+
4∑
i=1
fi sin(iγt) +
4∑
j=1
hj cos(jγt) . (4.61)
Previous equation has to be solved numerically, but by using Taylor expansions for
sine and cosine we can discover the role of higher terms. As a good approach, for short
times, we can consider: sin(iγt) ≈ iγt and cos(jγt) ≈ 1, then
0 =
{[
∆X˙0(0)
]2
+
[
∆Y˙0(0)
]2
+
4∑
i=1
ifiγ
}
t
+
4∑
j=1
hj + ∆X0(0) ∆X˙0(0) + ∆Y0(0) ∆Y˙0(0) . (4.62)
Now, the time t, corresponds to tmin, then
tmin = −
∆X0(0)∆X˙0(0) + ∆Y0(0)∆Y˙0(0) +
∑4
j=1 hj
[∆X˙0(0)]2 + [∆Y˙0(0)]2 +
∑4
i=1 ifiγ
, (4.63)
where,
h1 =
(
k2k4 + k1k3
2
+ k1k5
)
γ ,
h2 = (k1k2 + 2 k4k5)γ ,
h3 = (2 k2k4 − k1k3)γ
2
,
h4 = −
(
2 k1k3 + k2k4
2
− 2 k3k4
)
γ , (4.64)
and
f1 =
(
k2k3 − k1k4
2
− k2k5
)
γ ,
f2 =
(
k21 − k22
2
+ 2 k3k5
)
γ ,
f3 = 3 (k1k4 + k2k3)
γ
2
,
f4 =
(
k24 − k23
)
γ . (4.65)
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Hence,
r(tmin) =
√
[∆X(tmin)]2 + [∆Y (tmin)]2 + [∆Z(tmin)]2 , (4.66)
represents the perihelion distance for this simple case assuming anharmonic oscillations
along the z-axis. The perihelion position vector is given by Eq. (4.27), where for short
times t = tmin is a good approach, then
q = (∆X(tmin),∆Y (tmin),∆Z(tmin)) ,
tmin = −
∆X0(0)∆X˙0(0) + ∆Y0(0)∆Y˙0(0) +
∑4
j=1 hj
[∆X˙0(0)]2 + [∆Y˙0(0)]2 +
∑4
i=1 ifiγ
. (4.67)
Solving Eq. (5.28) numerically we obtain results not only for short times. As we said, we
use observational data for our computations. These data are measured in equatorial
coordinates, and since we focus on motions in the Galaxy, we will use the galactic
coordinate system.
4.3 The Equatorial and galactic Coordinates
The most frequently used such system is the equatorial coordinate system which is still
related to planet Earth and thus convenient for observers as is used in Eqs. (4.28, 4.29)
and other equations in this Thesis. As we know the first coordinate in the equatorial
system, corresponding to the latitude, is called Declination, δ, and is the angle between
the position of an object and the celestial equator, and the longitudinal coordinate,
called Right Ascension, α, that is the angle in degrees(or hours) measured from the
Vernal Equinox along the celestial equator toward the east to the foot of the hour circle
which passes through the object. Dealing with motions in the Galaxy, we will use the
galactic coordinate system with the galactic longitude l and the galactic latitude b.
We consider a spherical coordinate system, with its center being at the location of the
Sun. The galactic plane if the plane of the galactic disk, i.e., it is parallel to the band
of the Galaxy. The two galactic coordinates l and b are angular coordinates on the
sphere. Here, b denotes the galactic latitute, the angular distance of a source from the
galactic plane, with b ∈ [−90◦, + 90◦]. The great circle b = 0◦ is then located in the
plane of the galactic disk and denotes the North galactic Pole, while b = −90◦ marks
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the direction to the South galactic Pole. The second angular coordinate is the galactic
longitude l, with l ∈ [0◦, 360◦]. It measures the angular separation between the position
of a source, projected perpendicularly onto the galactic disk, and the galactic center,
which itself has angular coordinates b = 0◦ and l = 0◦. Given l and b for a source,
its location on the sky is fully specified. In order to specify its three-dimensional
location, the distance of that source from us is also needed. The conversion of the
positions of sources given in equatorial coordinates (α, δ) to that in galactic coordinates
is obtained from the rotation between these two coordinate systems, and is described
by spherical trigonometry. In the next lines we give the necesary formulae to carry out
this transformation.
The coordinates of a star at t0 = 0 with respect to the Sun in the galactic coordinate
system are
∆X0(0) = r cos l cos b ,
∆Y0(0) = r sin l cos b ,
∆Z0(0) = r sin b , (4.68)
where l and b are computed from equatorial coordinates α and δ. The velocity of the
star at t0 = 0 with respect to the Sun in galactic coordinates is
∆X˙0(0) = r˙ cos l cos b
− 4.74 r {(µl cos b) sin l + µb cos l sin b} ,
∆Y˙0(0) = r˙ sin l cos b
+ 4.74 r {(µl cos b) cos l − µb sin l sin b} ,
∆Z˙0(0) = r˙ sin b + 4.74 r µb cos b , (4.69)
where r˙ is the radial velocity and µl, µb are the proper motions in the galactic longitude
and latitude, respectively. Since the units used in our calculations are [v] = [r˙] =
km s−1, [r] = pc, [µl] = [µb] = ′′ yr−1, the numerical factor in Eq. (7.3) is 4.74. To get
Eq. (4.69) and Eq. (4.68) we have to know the proper motions in l and b directions,
and, the galactic coordinates (l, b). For this reason in the next subsections we show
how to carry this out.
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4.3.1 The conversion from (α, δ) to (l, b)
From observational data we know the equatorial coordinates (α, δ), then the galactic
coordinates (l, b) can be obtained from
cos b cos(l − l0) = cos δ sin(α− α0) ,
cos b sin(l − l0) = sin δ cos δ0 − cos δ sin δ0 cos(α− α0) ,
sin b = sin δ sin δ0 + cos δ cos δ0 cos(α− α0) , (4.70)
where l0 = 33.932
◦, α0 = 192.85948◦, and δ0 = 27.17825◦ for the Epoch J2000.0. If α
and δ are given, then Eqs. (4.70) offer
b = arcsin(sin δ sin δ0 + cos δ cos δ0 cos(α− α0)) ,
cos(l − l0) = 1
cos b
cos δ sin(α− α0) ,
sin(l − l0) = 1
cos b
sin δ cos δ0 − cos δ sin δ0 cos(α− α0) . (4.71)
In Eqs. (4.71): from the first equation we compute b, second and third equations allow
us to calculate l by using Tab. 3.1.
4.3.2 Proper motions
Stars are moving relative to us or, more precisely, relative to the Sun. To study the
kinematics of the Galaxy we need to be able to measure the velocities of stars. To know
the components of the velocity in Eqs. (7.3), besides vr which is a known value for each
star, the values of proper motions (µl cos b) and µb are also required. It is carried out
by doing the transformation from equatorial to galactic coordinates. (µl cos b) and µb
are computed from
µl cos b = µα cos δ cosψ + µδ sinψ ,
µb = −µα cos δ sinψ + µδ cosψ. (4.72)
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The angle ψ is found by using Tab. 3.1 from the sinψ and cosψ relations given in the
following equations,
cos b sinψ = cos δ0 sin(α− α0) ,
cos b cosψ = sin δ0 cos(α− α0) − cos δ0 sin δ cos(α− α0) , (4.73)
or just by replacing in Eqs. (4.72) the values of sinψ and cosψ given by
sinψ =
1
cos b
[cos δ0 sin(α− α0)] ,
cosψ =
1
cos b
[sin δ0 cos(α− α0) − cos δ0 sin δ cos(α− α0)] , (4.74)
then, the proper motions in galactic coordinates to be used are:
µl cos b = µα cos δ
1
cos b
[sin δ0 cos(α− α0) − cos δ0 sin δ cos(α− α0)]
+ µδ
1
cos b
[cos δ0 sin(α− α0)] ,
µb = − µα cos δ 1
cos b
[cos δ0 sin(α− α0)]
+ µδ
1
cos b
[sin δ0 cos(α− α0) − cos δ0 sin δ cos(α− α0)] . (4.75)
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Chapter 5
Summary of main equations
In this chapter we summarize the theoretical results to find the perihelion position
vector q and the impact parameter b. We show this in three cases: the non-interacting
system, the two-body problem, and, the simple model, where in addition to the grav-
itational influence of the Sun, we consider that the object is perturbed by the grav-
itational effects of the Galaxy (the relative motion of the object with respect to the
Sun depends linearly on time for x and y coordinates and that there are anharmonic
oscillations along the z-axis). Here, equations for the perihelion position vector and
for the impact parameter are computed from known observational data.
5.1 Observational data
In this section we describe what exactly is measured, and how it is transformed to carry
out our computations. For a given star we know from observational data the equatorial
coordinates (α, δ), then by using next equation we find the galactic coordinates (l, b),
b = arcsin(sin δ sin δ0 + cos δ cos δ0 cos(α− α0)) ,
cos(l − l0) = 1
cos b
cos δ sin(α− α0) ,
sin(l − l0) = 1
cos b
sin δ cos δ0 − cos δ sin δ0 cos(α− α0) . (5.1)
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The correct angle, l, is found by using Tab. 6.2. Once that is done, we are able to find
∆X0(t0) = r0 cos l cos b ,
∆Y0(t0) = r0 sin l cos b ,
∆Z0(t0) = r0 sin b , (5.2)
which represents the position coordinates at t0 = 0 and,
∆X˙0(t0) = r˙0 cos l cos b
− 4.74 r0 {(µl cos b) sin l + µb cos l sin b} ,
∆Y˙0(t0) = r˙0 sin l cos b
+ 4.74 r0 {(µl cos b) cos l − µb sin l sin b} ,
∆Z˙0(t0) = r˙0 sin b + 4.74 r0 µb cos b , (5.3)
which allow us to compute the velocity at t0, r0 is the heliocentric distance of the
object, r˙0 is the radial velocity of the object with respect to the Sun, and µl, µb are
the proper motions in the galactic longitude and latitude at t0 = 0, respectively. The
units used in our calculations are: [v] = [r˙] = km s−1, [r] = pc, [µl] = [µb] = ′′ yr−1.
Also, here we notice that
r0(t0) = [∆X0(t0), ∆Y0(t0), ∆Z0(t0)] ,
v0(t0) = [∆X˙0(t0), ∆Y˙0(t0), ∆Z˙0(t0)] ,
(5.4)
are the measured initial velocity and position vectors of the object with respect to the
Sun, which we compute from equatorial coordinates. In the following sections we label
(as we also did in the previous section) r0 = (x0, y0, z0) and v0 = (vx,0, vy,0, vz,0).
5.2 Non-interacting system
From observational data we know r0 = (x0, y0, z0) and v0 = (vx,0, vy,0, vz,0), which are
the initial (t = 0) position and velocity vectors of the object with respect to the Sun.
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The impact parameter is computed as
b =
1
v20
{[
x0
(
v2y,0 + v
2
z,0
)− (y0vy,0 + z0vz,0) vx,0]2
+
[
y0
(
v2x,0 + v
2
z,0
)− (x0vx,0 + z0vz,0) vy,0]2
+
[
z0
(
v2x,0 + v
2
y,0
)− (x0vx,0 + y0vy,0) vz,0]2}1/2, (5.5)
where v20 = v
2
x,0 + v
2
y,0 + v
2
z,0 . and the perihelion position vector is
q = rb − r = r0 + v0tb, tb = − x0vx,0 + y0vy,0 + z0vz,0
v2x,0 + v
2
y,0 + v
2
z,0
. (5.6)
5.3 The two-body problem
Initial conditions r0 = (x0, y0, z0), v0 = (vx,0, vy,0, vz,0) ⇒ H0 ≡ (Hx,0, Hy,0, Hz,0),
H0 = µr0× v0 are given from observational data. The impact parameter, we get from
b =
G(M +m)
v2∞
1 + cos θ
sin θ
,
=
G(m+M)
v2∞
cot
(
θ
2
)
, (5.7)
where, θ = 2pi − ϕ, m is the mass of the object, M is the solar mass, and v∞ is
the magnitude of the velocity vector in the infinity that is found from conservation of
energy and given by
v∞ =
√
2
µ
(
µ
2
v20 +
k
r0
)
. (5.8)
The perihelion position vector,
q ≡ rp = (xp, yp, zp) =

xp = rp(cos Ω0 cosω0 − sin Ω0 sinω0 cos i0),
yp = rp(cosω0 sin Ω0 + sinω0 cos Ω0 cos i0),
zp = rp sinω0 sin i0 .
(5.9)
where |rp| ≡ |(xp, yp, yp)| = a(1− ), i0 is computed from
i0 = arccos
(
Hz,0
|H0|
)
, (5.10)
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Ω0 from
sin Ω0 =
Hx,0
|H0| sin i0 , cos Ω0 = −
Hy,0
|H0| sin i0 . (5.11)
The correct value of Ω0 is computed by using Tab. 6.2. Θ0 is computed as
sin Θ0 =
z0
r0 sin i0
, cos Θ0 =
y0Hx,0 − x0Hy,0
r0|H0| sin i0 , (5.12)
where, we also use Tab. 6.2 to find the right value of Θ0. And the last one, ω0, we
compute from,
sin(Θ0 − ω0) = v0 · er,0

√
G(M +m)/p
, cos(Θ0 − ω0) = v0 · et,0

√
G(M +m)/p
− 1

, (5.13)
where as for the previous cases, here, we obtain the right angle by using Tab. 6.2. er
is defined as
er = (cos Ω cos Θ− sin Ω sin Θ cos i, cos Θ sin Ω + sin Θ cos Ω cos i, sin Θ sin i), (5.14)
and, et is the unit vector onto the transversal direction
et = (− cos Ω sin Θ− sin Ω cos Θ cos i,− sin Ω sin Θ + cos Ω cos Θ cos i, cos Θ sin i).
(5.15)
At initial time t = 0, er,0 and et,0 are given by angles i0, Ω0 and by Θ0 from equations
(5.10), (5.11), (5.12), respectively. For the time when the object passes the perihelion
position, Θ0 changes its value to Θp, it means that we also need to know Θp, which can
be computed assuming that Θ0 = ω0, and ω0 is computed from Eq. (5.13). Here, v0,
er,0 and et,0 are computed from initial conditions, since er,0 = r0/|r0|, or just by using
equations (5.10), (5.11), (5.12).
5.3.1 Choosing the right angle
Let
cosϑ = A ,
sinϑ = B , (5.16)
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where A and B are known numbers computed from the right sides of given equations.
These numbers can be positive or negative, then we need to know which quadrant the
angle belongs. It is recommended to remember where sinϑ, cosϑ and tanϑ are positive
(or negative). Table 3.1 allows us to solve problems as the given in Eq. (5.16).
sinϑ > 0 sinϑ < 0 sinϑ = 0
cosϑ > 0 ϑ = arccosA ϑ = 2pi − arccosA ϑ = 0
cosϑ < 0 ϑ = arccosA ϑ = 2pi − arccosA ϑ = pi
cosϑ = 0 ϑ = pi/2 ϑ = 3pi/2
Table 5.1: Choosing the right angle
5.4 Galactic tide
The third equations of Eqs. (5.2, 5.3) are important in equations given by
Z?
(
−r0
c
)
= ∆Z0(0) + Z(0) ,
Z˙?
(
−r0
c
)
= ∆Z˙0(0) + Z˙(0) . (5.17)
which permits us to find Z?(0) and Z˙?(0) for the case when u = 0 given by
Z?(0) =
∣∣∣∣∣∣ g1 − sin (γr0/c) /γg2 cos (γr0/c)
∣∣∣∣∣∣ , (5.18)
Z˙?(0) =
∣∣∣∣∣∣ cos (γr0/c) g1sin (γr0/c) g2
∣∣∣∣∣∣ , (5.19)
where g1 and g2 are known values given by
g1 = Z?
(
−r0
c
)
, g2 = Z˙?
(
−r0
c
)
. (5.20)
In Eqs. (5.17), ∆Z0(0) and ∆Z˙0(0) are given from measured (observational) data, from
Eqs. (5.2, 5.3), and, Z(0) and Z˙ are given by
Z(0) = 30 pc, Z˙(0) = 7.3 kms−1. (5.21)
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The initial conditions for the motion along the z-axis when u 6= 0, Z?(t0), are given by
Z?(t0) =
− b ± √b2 − 4 a c
2 a
,
Z˙?(t0) = ∆Z˙0(t0) + Z˙(t0) +
[−γ2Z?(t0) + κZ?(t0)|Z?(t0)|] (r0
c
)
, (5.22)
where,
a =
[
κ
(r0
c
)2
+
κ
2
(r0
c
)2]
=
3κ
2
(r0
c
)2
,
b =
[
1 + γ2
(r0
c
)2
− γ
2
2
(r0
c
)2]
=
[
1 +
γ2
2
(r0
c
)2]
,
c = −
[
Z(t0) + Z˙(t0)
(r0
c
)
+ ∆Z0(t0) + ∆Z˙0(t0)
(r0
c
)]
, (5.23)
are computed values from known parameters described in the previous chapter. Here,
γ and κ are computed from
γ2 = 4piG(%d + %h) + 2
(
A2 − B2) ,
κ = 2piGu%d . (5.24)
r0, ∆Z0(t0), Z˙0(t0) are given from observational data, c is the speed of light, and,
Z(t0) and Z˙(t0) from Eqs. (5.21). As initial conditions for the star’s motion along
the z-axis we consider positive values, only. Now, we are able to compute ∆Z(t) for
any value of u. To find the perihelion position vector we minimize
r(t) =
√
[∆X(t)]2 + [∆Y (t)]2 + [∆Z(t)]2 , (5.25)
where ∆X, ∆Y and ∆Z are given in Eqs. (4.27). For ∆Z = Z?(t) − Z(t) we get
∆Z(t) = Z?(t) − Z(t) ,
= k1 sin(γt) + k2 cos(γt) − k3 cos(2γt)
+ k4 sin(2γt) + k5 , (5.26)
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where,
k1 =
Z˙?(0) − Z˙(0)
γ
− [q?a2? cos(2φ?) − qa2 cos(2φ)] κ3γ2 ,
k2 = [Z?(0) − Z(0)] +
{
q?a
2
?
[cos(2φ?)
3
− 1
]
− qa2
[cos(2φ)
3
− 1
]} κ
2γ2
,
k3 =
[
q?a
2
? cos(2φ?) − qa2 cos(2φ)
] κ
6γ20
,
k4 =
[
q?a
2
? sin(2φ?) − qa2 sin(2φ)
] κ
6γ20
,
k5 =
(
q?a
2
? − qa2
)
, (5.27)
are known values. Then we get
0 =
[
∆X˙0(0) t + ∆X0(0)
]
∆X˙0(0) +
[
∆Y˙0(0) t + ∆Y0(0)
]
∆Y˙0(0)
+
4∑
i=1
fi sin(iγt) +
4∑
j=1
hj cos(jγt) . (5.28)
Previous equation has to be solved numerically, but for short times we just consider
the first terms of Taylor expansions for sine and cosine, then
0 =
{[
∆X˙0(0)
]2
+
[
∆Y˙0(0)
]2
+
4∑
i=1
ifiγ
}
t
+
4∑
j=1
hj + ∆X0(0) ∆X˙0(0) + ∆Y0(0) ∆Y˙0(0) . (5.29)
Now, the time t, corresponds to tmin, then
tmin = −
∆X0(0)∆X˙0(0) + ∆Y0(0)∆Y˙0(0) +
∑4
j=1 hj
[∆X˙0(0)]2 + [∆Y˙0(0)]2 +
∑4
i=1 ifiγ
, (5.30)
where,
h1 =
(
k2k4 + k1k3
2
+ k1k5
)
γ ,
h2 = (k1k2 + 2 k4k5)γ ,
h3 = (2 k2k4 − k1k3)γ
2
,
h4 = −
(
2 k1k3 + k2k4
2
− 2 k3k4
)
γ , (5.31)
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and
f1 =
(
k2k3 − k1k4
2
− k2k5
)
γ ,
f2 =
(
k21 − k22
2
+ 2 k3k5
)
γ ,
f3 = 3 (k1k4 + k2k3)
γ
2
,
f4 =
(
k24 − k23
)
γ . (5.32)
Hence,
r(tmin) =
√
[∆X(tmin)]2 + [∆Y (tmin)]2 + [∆Z(tmin)]2 , (5.33)
represents the perihelion distance for this simple case assuming anharmonic oscillations
along the z-axis. The perihelion position vector is then given by Eq. (4.27), where for
short times t = tmin is a good approach, then
q = (∆X(tmin),∆Y (tmin),∆Z(tmin)) ,
tmin = −
∆X0(0)∆X˙0(0) + ∆Y0(0)∆Y˙0(0) +
∑4
j=1 hj
[∆X˙0(0)]2 + [∆Y˙0(0)]2 +
∑4
i=1 ifiγ
. (5.34)
Solving Eq. (5.28) numerically we obtain results not only for short times.
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Chapter 6
Applications
In this chapter we apply our results to specific stars. As we said, we focus on stars
with close passages to the Sun. Studied stars were selected in [2] and some of them
in [18]. Data from [2] are in Tab. 6.1. Computed perihelion distances by Garcia [18]
may differ in more than 60 % from those given by [2]. Although [18] present results
for two methods of calculations (integrated orbits and rectilinear motion), [2] does not
present the method of calculation. The results presented in Table 2 by [18] show that
both methods (integrated orbits and rectilinear motion) are consistent for almost all
considered stars: the relative error is less than 1 % for many stars. The data published
by [2] are used to compare with our results. In Tab. 6.2 we show all observed parameters
star |qDyb| [pc]
Gl 710 0.209
Gl 127.1A 0.803
Gl 445 1.071
Barnard’s Star 1.146
Gl 217.1 1.316
Gl 729 1.988
GJ 2046 2.008
Gl 54.1 2.425
LP 816-60 2.485
Table 6.1: Computed perihelion distances by Dybczyn´ski (|q|)[2]
used in our calculations. These were taken from ARICNS [15], from NStED Data Base
[20] and from SIMBAD Data Base [10]. Radial velocity measurements were obtained
from the astronomical literature, in particular of Wilson (1953) [11], and from other
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sources as [18, 15]. By using Table 6.2 we compute l, b, µb and µl cos(b). These values
Star α [◦] δ [◦] µα µδ r0 [pc] r˙0 [km/s] m [M]
Gl 710 274.963 -1.990 -0.130 -0.05 19 -13.800 0.8
Gl 127.1A 47.629 -68.600 0.037 -0.103 10.118 33.8 0.63
Gl 445 176.922 78.691 0.744 0.478 5.396 -119 0.24
Barnard’s Star 269.452 4.693 -0.799 10.277 1.834 -110.6 0.16
Gl 217.1 86.739 -14.822 -0.015 -0.001 21.5 22.35 2.0
Gl 729 282.456 -23.836 0.637 -0.192 2.97 -10.7 0.17
GJ 2046 88.518 -60.023 -0.052 -0.060 12.83 30 0.75
Gl 54.1 18.128 -16.999 1.209 0.641 3.7 28.2 0.085
LP 816-60 313.138 -16.975 -0.338 0.069 5.500 15.8 0.19
Table 6.2: Parameters of some nearest stars studied in this thesis.
are given in Table 6.3. These measurements allow us to compute the respective position
and velocity vectors in galactic coordinates.
Star l [◦] b [◦] µl µl cos(b)
Gl 710 28.575 6.125 0.112 -0.053
Gl 127.1A 287.181 -43.781 0.160 0.053
Gl 445 127.85 37.998 -0.197 -0.222
Barnard’s Star 31.996 14.061 1.654 9.095
Gl 217.1 220.381 -20.832 -0.013 0.005
Gl 729 12.316 -10.303 -0.528 -0.170
GJ 2046 269.797 -30.382 -0.005 0.069
Gl 54.1 277.271 -78.715 -1.855 -4.483
LP 816-60 31.197 -34.218 0.270 0.205
Table 6.3: Computed galactic coordinates
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6.1 Non-interacting calculations
In this section we present results for the non-interacting system. We use equations
described in Ch. 2. In Tables 6.4 we show the computed the perihelion position
star q [1017m] |q| = b [1017m]
Gl 710 (2.366, -0.111, 2.821) 3.683
Gl 127.1A (-0.312, 0.262, -0.601) 0.726
Gl 445 (0.033, 0.087, -0.051) 0.106
Barnard’s Star (0.011, 0.319, 0.094) 0.326
Gl 217.1 (0.211, 0.001,0.350) 0.409
Gl 729 (0.262,-0.080,-0.466) 0.540
GJ 2046 (-0.535, -0.0796, -0.007) 0.541
Gl 54.1 (0.354, -0.287, -0.983) 1.083
LP 816-60 (0.073, -0.297, -0.403) 0.506
Table 6.4: Computed impact parameters and perihelion position vectors for the non-
interacting system
vectors in SI units. Tab. 6.5 shows these calculations in parsecs. For this approach, we
can see that the Gl 445 will have the closest approach. This results is totally different in
compression with results of Dybczyn´ski (2006) [2]. Only computations for Barnard’s,
Gl 217.1, Gl 729 and for GJ 2046 are relatively similar to the presented by Dybczyn´ski
(2006) in [2].
star |q| = b [pc] r0
Gl 710 11.936 19.000
Gl 127.1A 2.353 10.120
Gl 445 0.344 5.400
Barnard’s Star 1.058 1.830
Gl 217.1 1.325 21.500
Gl 729 1.751 2.970
GJ 2046 1.753 12.830
Gl 54.1 3.512 3.700
LP 816-60 1.641 5.500
Table 6.5: Computed impact parameters and perihelion distances for the non-interacting
system in parsecs, respectively. r0 represents the initial distance of the object with respect
to the Sun.
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6.2 Two-body calculations
Here, Tab. 6.6 and Tab. 6.7 show computed perihelion position vectors, impact param-
eters and dispersion angles for selected nearest stars. These computations were carried
out by using steps described in Ch. 3. As we expected, for the two-body system we
star q [1017m] |q| [1017m] b [1017m] θ [◦]
Gl 710 (0.951, 0.288, 0.532) 1.127 3.226 58.088
Gl 127.1A (0.012, -0.079, -0.125) 0.148 1.887 81.140
Gl 445 (0.020, -0.028, -0.025) 0.042 0.114 49.639
Barnard’s Star (0.249, 0.143, 0.070) 0.296 0.395 16.380
Gl 217.1 (0.006, 0.006,0.005) 0.011 0.346 86.521
Gl 729 (0.016,0.003,-0.004) 0.017 0.126 75.365
GJ 2046 (0.059, 0.014, 0.004) 0.061 1.147 83.981
Gl 54.1 (0.421, -0.300, -0.941) 1.073 1.309 11.298
LP 816-60 (0.001, 0.052, 0.051) 0.073 0.475 73.390
Table 6.6: Computed impact parameters, perihelion position vectors and dispersion angles
for the two-body system
get smaller perihelion distances than for the system without interaction. Here, the star
with the closest approach is Gl 217.1. Comparing with the results given in [2], only
computations for Barnard’s star are in agreement with [2], but this does not mean
that our results are wrong. It is possible that in [2] and in other papers are taken
into account others phenomena in addition to the two-body problem that we have not
included in our computations. Another reason may be the values of used parameters
to compute the initial conditions. In several sources (data bases) we found that for a
parameter of the same star are given different values.
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star |q| [pc] b [pc] θ [◦]
Gl 710 3.652 10.045 58.088
Gl 127.1A 0.480 6.115 80.341
Gl 445 0.136 0.371 49.639
Barnard’s Star 0.958 1.281 16.380
Gl 217.1 0.034 1.122 86.521
Gl 729 0.054 0.409 75.365
GJ 2046 0.197 3.719 83.981
Gl 54.1 3.477 4.241 11.298
LP 816-60 0.235 1.540 73.390
Table 6.7: Computed impact parameters, perihelion distances (in parsecs) and dispersion
angles for the two-body system
6.3 Simple model
In this section we show and discuss results for the perihelion distance computed by using
our proposed simple model. Results are given for u = 0, and for u 6= 0. Tab. 6.8 shows
perihelion distances for zero value of u. As we already know, u represents anharmonic
star |q| [pc]
Gl 710 16.540
Gl 127.1A 6.460
Gl 445 2.735
Barnard’s Star 1.567
Gl 217.1 18.112
Gl 729 1.241
GJ 2046 8.866
Gl 54.1 2.329
LP 816-60 2.720
Table 6.8: Computed perihelion distances (in parsecs) for our proposed simple model (u = 0)
oscillations along the z-axis, from where, we can say that this anharmonicity in the
motion slightly acts on the computation of the perihelion distances, since the computed
perihelion distances for nonzero u are slightly greater than for the case when u = 0.
We get greater perihelion distances, because we have not taken into account the two-
body problem, and we separately investigate the role of anharmonic oscillations along
the z-axis. For a better approach it is really recommended to study the role of the
galactic tide and the two-body interaction. This can be carry out by solving Eqs. (4.5).
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star |q| [pc]
Gl 710 17.387
Gl 127.1A 8.394
Gl 445 3.237
Barnard’s Star 1.830
Gl 217.1 20.375
Gl 729 1.925
GJ 2046 8.961
Gl 54.1 3.273
LP 816-60 5.490
Table 6.9: Computed perihelion distances (in parsecs) for our proposed simple model (u 6= 0)
Numerical computation may improve our presented results. Also, it is important to
notice that our computations were done teoretically, and we used observational data
to apply them, only. Note that anharmonic oscillations are not considered in the
literature, and, this may be the reason of the difference in our values for the perihelion
distances in comparison with results given in [2].
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Chapter 7
The solar motion
Note: In this Chapter we present part of a paper in preparation. This contribution was
carried out with the participation of Klacka J., Nagy R., Cayao J., Komar L. and M.
Jurci.
The kinematics of stars near to the Sun has long been known to provide crucial
information regarding both the structure and evolution of the Milky Way [29]. That
is the reason why we calculate the solar motion in the reference frame connected with
the nearest stars. We identify series of N stars with heliocentric distances less than
100, 40, 15 pc and then determine the velocity of the Sun relative to the mean velocity of
these stars. The mean motion of all stars in the volume element cosidered is clearly the
physically most meaningful when considered in the framework of the Galaxy. A point
possessing this motion defines what is known as the Local Standard of Rest (LSR) [8].
That is the LSR is a point in space that has a galactic velocity equal to the average
velocity of stars in the solar neighborhood, including the Sun.
7.1 The solar motion
We consider a set of N stars. The coordinates of i-star in the equatorial coordinate
system are xi = ri cosαi cos δi, yi = ri sinαi cos δi, zi = ri sin δi, where ri is the
heliocentric distance, αi is the right ascention and δi is the declination of the i-star.
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The velocity of the i-th star with respect to the Sun is
vi = Vi − VS , (7.1)
where Vi and VS are the velocities of the i−th star and the Sun in the frame of the
LSR. The velocities Vi, VS and vi can be written as:
VS = (XS, YS, ZS) ,
Vi = (Xi, Yi, Zi) , (7.2)
and,
vx,i = r˙i cosαi cos δi
− 4.74 ri {(µα,i cos δi) sinαi + µδ,i cosαi sin δi} ,
vy,i = r˙i sinαi cos δi
+ 4.74 ri {(µα,i cos δi) cosαi − µδ,i sinαi sin δi} ,
vz,i = r˙i sin δi + 4.74 ri µδ,i cos δi , (7.3)
where r˙i is the radial velocity and µα,i, µδ,i are the proper motions in the right ascention
and declination. Since the units used in our calculations are [v] = [r˙] = km s−1, [r] = pc,
[µα] = [µδ] =
′′ yr−1, the numerical factor in Eq. (7.3) is 4.74.
Proper motions, radial velocities (calculated from redshift), and heliocentric dis-
tances (calculated from parallax) are observational data and can be used to describe
the solar motion.
There are a few ways to calculate the solar motion with respect to the LSR. If
we have all parameters of stars in our set, we will find the solar motion using direct
calculation. Otherwise, we can approximate the solution using the least square method.
7.1.1 Determining VS by direct calculation
The LSR is given by
N∑
i=1
Vi = 0 , (7.4)
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where Vi is given by Eq. (7.2). The average value of Eq. (7.1) is
1
N
N∑
i=1
vi =
1
N
N∑
i=1
Vi − VS . (7.5)
Rewriting Eq. (7.5) by using Eq. (7.4) we get
1
N
N∑
i=1
vi = − VS , (7.6)
or,
XS = − 1
N
N∑
i=1
r˙i cosαi cos δi
+ 4.74
1
N
N∑
i=1
ri (µα,i cos δi) sinαi
+ 4.74
1
N
N∑
i=1
ri µδ,i cosαi sin δi ,
YS = − 1
N
N∑
i=1
r˙i sinαi cos δi
− 4.74 1
N
N∑
i=1
ri (µα,i cos δi) cosαi
+ 4.74
1
N
N∑
i=1
ri µδ,i sinαi sin δi ,
ZS = − 1
N
N∑
i=1
r˙i sin δi − 4.74 1
N
N∑
i=1
ri µδ,i cos δi . (7.7)
Previous equations uniquely determine the solar motion in respect of the LSR.
7.1.2 Determining VS by Least square method
It is not immediately obvious from equations (7.1) and (7.3) how VS should be
determined from a given body of data. We address this problem for the case of radial
velocities and proper motions data. By using the Least square method we find VS as a
generalization of the results presented by, e.g., [8, 17]. Let 3 N orthogonal unit vectors
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(i = 1, 2, . . . , N) are
er,i = (cosαi cos δi, sinαi cos δi, sin δi) ,
eα,i = (− sinαi, cosαi, 0) ,
eδ,i = (− cosαi sin δi,− sinαi sin δi, cos δi) , (7.8)
where er,i are radial vectors and eα,i, eδ,i are vectors in the direction of the right
ascention and declination of the i−th star. We define the general unit vector:
ei = eα,i cosφ sin θ + eδ,i sinφ sin θ + er,i cos θ ,
φ ∈ 〈0, 2pi) , θ ∈ 〈0, pi〉 . (7.9)
The projection of the vector vi onto the direction of the vector ei is given by vi · ei =
(Vi − VS) · ei. Therefore, using Eqs. (7.3) we get:
(Vi − VS) · ei = r˙i cos θ + 4.74 ri [(µα,i cos δi) cosφ + µδ,i sinφ] sin θ . (7.10)
We know
(Vi − VS) · ei = (Xi − XS) (− sinαi cosφ sin θ
− cosαi sin δi sinφ sin θ + cosαi cos δi cos θ)
+ (Yi − YS) (cosαi cosφ sin θ
− sinαi sin δi sinφ sin θ + sinαi cos δi cosθ )
+ (Zi − ZS) (cos δi sinφ sin θ + sin δi cos θ) . (7.11)
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From equations (7.10) and (7.11) follows
pi ≡ r˙i cos θ + 4.74 ri[(µα,i cos δi) cosφ + µδ,i sinφ] sin θ
− (Xi − XS) (− sinαi cosφ sin θ − cosαi sin δi sinφ sin θ
+ cosαi cos δi cos θ)
− (Yi − YS) (cosαi cosφ sin θ − sinαi sin δi sinφ sin θ
+ sinαi cos δi cos θ)
− (Zi − ZS) (cos δi sinφ sin θ + sin δi cos θ) , (7.12)
where pi is the residual and pi = 0, exactly. But we admit pi 6= 0 and we use the Least
square method for finding XS, YS, ZS. Defining the sum of squared residuals
S(XS, YS, ZS) =
N∑
i=1
[pi]
2 , (7.13)
we minimize it:
∂S
∂XS
=
∂S
∂YS
=
∂S
∂ZS
= 0 . (7.14)
We assume
〈Vi cosk αi sinl αi cosm δi sinn δi〉 = 0 (7.15)
for arbitrary k, l,m, n [8]. We denote
Γi ≡ r˙i cos θ + 4.74 ri (µα,i cos δi cosφ + µδ,i sinφ) sinθ
− XS (sinαi cosφ sin θ + cosαi sin δi sinφ sin θ − cosαi cos δi cos θ)
+ YS (cosαi cosφ sin θ − sinαi sin δi sinφ sin θ + sinαi cos δi cos θ)
+ ZS (cos δi sinφ sin θ + sin δi cos θ) . (7.16)
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Then rewriting Eq. (7.15) by using Eqs. (12), (13), (7.16)- (7.17) we get:
∂S
∂XS
= 2
N∑
i=1
Γi (− sinαi cosφ sin θ − cosαi sin δi sinφ sin θ
+ cosαi cos δi cos θ) = 0 ,
∂S
∂YS
= 2
N∑
i=1
Γi (cosαi cosφ sin θ − sinαi sin δi sinφ sin θ
+ sinαi cos δi cos θ) = 0 ,
∂S
∂ZS
= 2
N∑
i=1
Γi (cos δi sinφ sin θ + sin δi cos θ) = 0 . (7.17)
φ, θ are arbitrary angles, φ ∈ 〈0, 2pi), θ ∈ 〈0, pi〉. Therefore, coefficients of the same
combination of (sinφ, cosφ, sin θ, cos θ) are equal to zero for each equation in (??).
From this we get six independent linear systems of three equations in unknowns (XS,
YS, ZS). These systems are used to determine the solar motion using the Least square
method and they are presented in Appendix A (Eqs. A1-A6).
Eqs. (A1) represent the way how to calculate the solar motion by using only the
proper motions in right ascension. However, they allow us to determine the solar
motion only in the XS, YS directions. The system of equations Eqs. (A1) is similar
to the type of Eqs. (7.5-7.13)-(7.5-7.14) by [8]. The system of equations Eqs. (A5)
is similar to the type of Eqs. (7.5-7.10)-(7.5-7.12) in [8]. Suprising is the following
formulation in [8]: “Finally, if we add equations (7.5-7.10) to (7.5-7.13) and (7.5-7.11)
to (7.5-7.14) to utilize the proper motion information as fully as possible, we obtain
three equations of their form ...” (equations for XS, YS, ZS). However, the access of
the authors yield result not consistent with our system represented by Eqs. (A.2).
Eqs. (A.2)-(A.6) provide a complete information about the solar motion (XS, YS,
ZS). Thus, we determine the solar motion for each system. In this Chapter, up to
now we have used equatorial coordinate system with the right ascension α and the
declination δ. Dealing with motions in Galaxy, we will use galactic coordinate system
with the galactic longitude l and the galactic latitude b. Those transformations are
done as is described in Sec. 4.3.
77
7.2 Results
We selected stars from the database SIMBAD [10]. At first, we chose stars with the
heliocentric distance less than 100 pc, but only stars with complete observational data
(radial velocities, proper motion, parallax). The number of stars to that distance
was 24167. Then we selected stars with the best quality index (A) in parallax, proper
motions and radial velocities. This selection reduced the number of stars to 769. These
stars are used in our calculations of the solar motion. We remind that Eqs. (7.3), (7.7)
and (??) are given in the equatorial coordinates, but the results are shown in the
galactic coordinates.
7.2.1 For ri < 100 pc
For the set of 769 stars with ri < 100 pc we compute the solar motion presented in
Table 7.1.
Method XS [km/s] YS [km/s] ZS [km/s] |VS| [km/s]
Eqs. (7.7) 7.63 16.65 7.43 19.76
Eqs. (A.2) 74.7 -34.0 159.5 179.4
Eqs. (A.3) 76.2 106.6 -0.7 131.1
Eqs. (A.4) 59.3 -53.4 38.5 88.6
Eqs. (A.5) 8.82 17.64 8.07 21.31
Eqs. (A.6) 10.59 17.86 6.90 21.88
Table 7.1: The solar motion in the galactic coordinates for our sample of stars with ri <
100 pc calculated using the direct method (Eqs. (7.7)) and the Least square method (Eqs.
(A.2)-(A.6)).
Table 7.1 shows that the results { ZS, VS ≡ |VS| } from the direct method (without
approximations) for this case are in accord with the standard solar motion presented
by [10] (see Table 7.4). The solar motions calculated from Eqs. (A.1), (A.5)-(A.6) are
similar to results of the direct method. The rest of equations deduced from the Least
square method (Eqs. A.2-A.4) give quite different solutions (see Table 7.1) from the
direct calculation. Thus, these equations are useless in determining the solar motion.
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7.2.2 For ri <40 pc
Here we consider stars with ri < 40 pc. This set contains 360 stars. Calculated values
of the solar motion in the galactic coordinates are shown in Table 7.2.
Method XS [km/s] YS [km/s] ZS [km/s] |VS| [km/s]
Eqs. (7.7) 7.09 18.53 7.70 21.28
Eqs. (A.2) 11.5 10.0 50.5 52.8
Eqs. (A.3) 150.9 -10.7 -49.1 159.1
Eqs. (A.4) 1678.8 -1314.3 -142.4 2136.9
Eqs. (A.5) 5.92 18.28 10.53 21.91
Eqs. (A.6) 13.18 20.95 4.37 25.13
Table 7.2: The solar motion in the galactic coordinates for our set of stars with ri < 40 pc
calculated using the direct method (Eqs. (7.7)) and the Least square method (Eqs. (A.2)-
(A.6)).
The solutions of Eqs. (A.2)-(A.4) are quite different from the solar motion cal-
culated by the direct method again. Eqs. (A.5) give correct absolute value of the
velocity, but the components of the solar motion are slightly different from our direct
calculations. The solution of Eqs. (A.6) is more different than the solution of Eqs.
(A.5), but both of them are still good estimations of the solar motion.
7.2.3 For ri < 15 pc
The nearest hundred stars in the solar neighborhood have the heliocentric distance less
than 15 pc. Our results are presented in Table 7.3.
Method XS [km/s] YS [km/s] ZS [km/s] |VS| [km/s]
Eqs. (7.7) 14.16 17.59 7.09 23.68
Eqs. (A.2) -8.3 15.7 30.4 35.2
Eqs. (A.3) 120.0 -43.7 25.3 130.2
Eqs. (A.4) 41.77 -56.5 20.75 73.3
Eqs. (A.5) 7.02 18.42 2.37 19.85
Eqs. (A.6) 24.08 20.58 3.77 31.9
Table 7.3: The solar motion in the galactic coordinates for our set of stars with ri < 15 pc
calculated using the direct method (Eqs. (7.7)) and the Least square method (Eqs. (A.2)-
(A.6)).
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The solutions of Eqs. (A.2)-(A.4) are useless in comparison with the direct method
(Eqs. (7.7)). Eqs. (A.5) give relatively good approximation of the solar motion in
respect of this LSR. But the solution of Eqs. (A.6) differ from the direct method (Eqs.
(7.7)) especially in the absolute value of the velocity and ZS component. However,
these results may be influenced by using small solar neighborhood.
7.2.4 The solution of Eqs. (7.7) for different distances
Now we use the direct method (Eqs. (7.7)) to calculate the solar motion for the Solar
neighborhoods with various radii. The results are presented in Table 7.4.
Distance XS YS ZS |VS| Number
[pc] [km/s] [km/s] [km/s] [km/s] of stars
10 12.57 15.36 6.14 20.77 44
20 12.10 17.51 6.98 22.41 165
30 8.18 17.41 7.28 20.57 273
40 7.08 18.53 7.70 21.28 360
50 9.34 18.38 7.59 21.97 445
60 9.11 18.03 7.61 21.59 532
70 8.53 18.09 7.44 21.34 603
80 7.91 17.52 7.64 20.69 669
90 7.57 16.99 7.43 20.04 725
100 7.63 16.65 7.43 19.77 769
Table 7.4: The solar motion calculated by direct method (Eqs. (7.7)) for different distances.
Velocity components are given in galactic coordinates.
The relation between the velocity components of the solar motion and radius of the
solar neighborhood is illustrated in Fig. 7-1.
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Figure 7-1: The relation between the velocity components of the solar motion and radius of
the solar neighborhood.
7.3 Application
The knowledge of the solar motion, especially ZS component, allows us to calculate
the solar oscillations in direction perpendicular to the galactic equator. In this case,
we can use solar equation of motion presented in Klacˇka (2009) [19]:
z¨ = − [4piGρ(z) + 2(A2 − B2)] z (7.18)
where A, B are the Oort constants and ρ is the mass density (z = 0 in the galactic
equatorial plane) in a galactocentric distance equal to the galactocentric distance of
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the Sun. The relevant values are:
A = 14.2 kms−1 kpc−1 ,
B = − 12.4 kms−1 kpc−1 ,
ρ ≡ ρ(z = 0) = 0.13 M pc−3 . (7.19)
7.3.1 The solar oscillation – simple access
If the density ρ(z) in Eq. (7.18) is a constant ρ = ρdisk + ρhalo, then Eq. (7.18) is the
equation of motion of a linear harmonic oscillator with angular frequency ω. In our
case ω2 = 4piGρ+ 2(A2 −B2). The solution of Eq. (7.18) is:
z = C1 cos(ω t) + C2 sin(ω t) ,
C1 = z(t = 0) , C2 = z˙(t = 0)/ω ,
zmax =
√
[z(t = 0)]2 + [z˙(t = 0)/ω]2 , (7.20)
since the constants C1, C2 are given by initial conditions. Our results of the solar
motion in z−direction are used for various initial values of z˙(t = 0) and for z(t = 0) =
30 pc.
ZS[km/s] zmax[pc] P [Myrs]
min. value of ZS 6.14 78.71 73.89
max. value of ZS 7.70 96.06 73.89
average ZS value 7.32± 0.15 91.79± 1.66 73.89
Table 7.5: Amplitude zmax and periods of the solar oscillations with the initial position
z(t = 0) = 30 pc. Various initial velocities ZS and constant mass density are used.
As we can see in Table 7.5, maximal distance of the Sun from the galactic equator
relevantly depends on the z−compontent of the solar motion.
7.3.2 The solar oscillation – improved access
Using ZS component and a better approximation of a mass density as a function of
the coordinate z, ρ(z) = ρdisk ( 1 − u |z| ) + ρhalo, u = 3.3 kpc−1 (Klacˇka 2009),
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numerical calculation of the solar oscillations in the direction perpendicular to the
galactic equator (Eq. 7.18) yields the results summarized in Table 7.6.
ZS[km/s] zmax[pc] P [Myrs]
minimum value of ZS 6.14 81.8 77.0
maximum value of ZS 7.70 101.1 77.9
average ZS value 7.32 96.2 77.8
Table 7.6: Amplitude zmax and periods of the solar oscillations with the initial position
z(t = 0) = 30 pc. Various initial velocities ZS are used. Mass density as a function of z is
considered.
7.3.3 The Oort constants
There are a couple of numbers A and B that describe the relative orbital motions of
the Sun and stars in our neighborhood of the Galaxy. These are called Oort constants.
The values of A and B can be calculated from the observational data based on radial
velocities and proper motions.
The original results come back to Bottlinger, who derived the relevant equations
in 1924-1925 (see [12]). Simplification of the Bottlinger’s equations are known as the
Oort equations containing the Oort’s constants A and B. Since the Oort’s equations
hold only for galactic latitude b = 0,, we will consider more general equations holding
for arbitrary b.
The following subsections present the relevant equations for finding the values of
A and B using various observational data. The subsections are based on the values of
the observed radial velocities, proper motions in right ascension, and, proper motions
in declination, respectively.
Radial velocities
The radial velocity for the i-th star is given by
vr,i = A r cos
2 b sin(2 l) , (7.21)
where A is the first Oort constant. By using Eq. (7.1) and the unit vector er,i =
(cos li cos bi, sin li cos bi, sin bi) we project the vector velocity Vi to the radial direction
83
as
(vi + VS) · ri + RS|ri + RS| = A |ri + RS| cos
2Bi sin(2 Li) , (7.22)
then
(vi + VS) · (ri + RS) = 2A(ri + RS)x(ri + RS)y , (7.23)
where ri, vi, and VS are known values. But RS 6= 0, in general. We will assume, as it
is usual, that the LSR is at the Sun (the LSR has its origin at the Sun’s location, [4]).
Therefore RS = 0 and the unique unknown parameter is A. This constant is found by
using the Least Square method.
Proper motions µl
Here we do the same steps as for the previous case. The velocity vl,i and the proper
motion µl,i for the i-th star is given by
vl,i = 4.74 ri µl,i cos bi ,
µl,i = 4.74
−1 [A cos(2 li) + B] ,
vl,i = [A cos(2 li) + B] ri cos bi , (7.24)
where A and B are the Oort constants which we want to find. Also, the velocity vl,i
can be found by using the projection of vi + VS onto l as
vl,i = (vi + VS) · el,i = (vi + VS)x (− sin li) + (vi + VS)y (cos li) , (7.25)
where we used el,i = ( − sin li, cos li, 0). From equations (7.24) and (7.25) we can
calculate the Oort constants by using the Least Square method. Note that by using
proper motions µl,i we can find A and B.
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Proper motions µb
The velocity vb,i and the proper motion µb,i for the i-th star is given by
vb,i = 4.74 ri µb,i ,
µb,i = − 4.74−1 A sin(2 li) sin bi cos bi ,
vb,i = − 1
2
A ri sin(2 li) sin(2 bi) . (7.26)
The velocity vb,i is replaced by using the projection of vi + VS onto b as
vb,i = (vi + VS) · eb,i , (7.27)
where eb,i = ( − cos li sin bi, − sin li sin bi, cos bi) is the unit vector on the b direction.
From equations (7.26) and (7.27) we can find A by using the Least Square method.
7.3.4 Oort cloud of comets
As we have already presented in sections 7.3.1 and 7.3.2, the found values of ZS lead to
various values of maximal distance between the Sun and the galactic equatorial plane.
The result suggests that ZS may play an important role in orbital evolution of comets
of the Oort cloud. As a consequence, the uncertainty in ZS generates an uncertainty
in the mass of the Oort cloud.
The standard model of the Oort cloud considers that the Sun is situated in the
galactic equatorial plane and ZS ≡ 0. Let us consider, as an example, that a comet is
characterized by the following initial orbital elements: semi-major axis ain = 5 × 104
AU , eccentricity ein ≈ 0, inclination to galactic equatorial plane iin = 90 degrees. The
conventional models yield 6 returns of the comet into the inner part of the Solar System
during the existence of the Solar System (see Fig. 2 in [21]- conventional models =
standard or simple models). Using the physical model by [19], we obtain the following
number of returns (see also Fig. 7-2):
• 9 for ZS = 7.70 km/s ,
• 12 for ZS = 6.14 km/s .
Thus, the frequency of cometary returns into the inner part of the Solar System is
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Figure 7-2: Evolution of eccentricity under the action of gravity of the Sun and Galaxy. The
model by [19] is used. Two values of ZS are used: the dotted line holds for ZS = 6.14 km/s,
the solid line holds for ZS = 7.70 km/s.
2-times greater than the frequency of the conventional models (6 returns for the con-
ventional models, see [21], if the effect of the Sun and Galaxy are considered.
7.4 Discussion
The presented method of determining VS by the least square method is based on the
definition of a new general unit vector defined in Eq. (7.9). Various values of φ and
θ produce six independent systems of linear equation determining components of the
vector VS. None of the systems, represented by Eqs. (A.1)-(A.6), contains the set of
quantities {r˙i, µα i, µδ i} simultaneously. One, or maximally two of the components of
the set {r˙i, µα i, µδ i} are present in each of the final systems. This can be explained
by the usage of the least square method. The exponent in Eq. (7.14) equals to 2. If
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the exponent would be equal to 3, 4, ..., then also a set of equations with all three
measured quantities r˙i, µα i, µδ i would exist.
Mihalas and McRae Routly [8, p. 97] state that “Finally, if we add equations (7.5-
7.10) to (7.5-7.13) and (7.5-7.11) to (7.5-7.14) to utilize the proper motion information
as fully as possible, we obtain three equations of their form ...” (equations for XS, YS,
ZS). This access of the authors yield result not consistent with our Eqs. (A.2). It is not
possible to combine various equations in an arbitrary manner unless the equations are
exact. Our access represented by Eqs. (7.8)-(7.16) yields combination of the measured
quantities r˙i, µα i, µδ i in a unique way.
As Tables 7.1- 7.3 show, the systems of equations Eqs. (A.2) - (A.4) do not yield
results consistent with the direct method represented by Eqs. (7.6)-(7.7).
On the other side, the systems of Eqs. (A.1), (A.5) and (A.6) produce results
which are much better consistent with the direct method. As Tables 7.1- 7.3 show,
the error is less than 90%. If we compare Eqs. (A.1)-(A.6), then we can find one
important property. Eqs. (A.1), (A.5)-(A.6) contain parts where all the terms of the
sums are of the same sign for all stars. Thus, these terms dominate in Eqs. (A.1),
(A.5)-(A.6). Moreover, these terms ensure that the systems (A.1), (A.5)-(A.6) can
produce Eqs. (7.7) [a simple addition of the j−th equations of the systems produces
the j−th equation of Eqs. (7.7), j = 1, 2, 3]. Nothing like this exists for Eqs. (A.2)-
(A.4). This could explain the poor consistency of the results of Eqs. (A.2)-(A.4) with
the direct method represented by Eqs. (7.7), and, a much better consistency of the
results of Eqs. (A.1), (A.5)-(A.6) with the direct method. In any case, our results
show that the Least square method is not a good method for finding the solar motion.
The results for the direct method are summarized in Table 7.4. On the basis of
Table 7.4 we obtain the following results:
ZS = (7.32± 0.15) kms−1 ,
VS = (21.04± 0.26) kms−1 . (7.28)
Our values correspond to the standard solar motion. The value of ZS is consistent with
the results published by other authors (see values in Table 7.7). However, our value of
VS is greater than the values of other authors and presented in Table 7.7. Especially
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the value presented by Binney and Merrifield [17, p. 624–628] and Dehnen and Binney
[29] is very small.
source: SM1 SM2 SM3 SM4
ZS [km/s] 7.3 6.0 7.17± 0, 09 7.2± 0.4
|VS| [km/s] 19.5 15.4 13.4 13.4
Table 7.7: The solar motion. SM1 corresponds to the standard motion presented by [8, 4].
SM2 corresponds to the basic motion presented by [8]. SM3 is presented by [29]. SM4 is
presented by [17] and [1].
7.4.1 More on the Least square method
We have already discussed the approach of the Least square method. We have pointed
out errors of the results for the systems represented by Eqs. (A.1), (A.5)-(A.6). More-
over, Eqs. (A.2)-(A.4) do not yield satisfactory results. In general, we can conclude
that one should not use the Least square method. However, let us look in a more
detail into the method. The fundamental approach is given by Eqs. (7.9)-(7.15) and
the result is represented by Eqs. (A.1)-(A.6). While Eqs. (A.2)-(A.4) yield completely
incorrect results, Eqs. (A.1), (A.5)-(A.6) yield results with errors less than ≈ 100%.
So, the idea is that we do not need to solve the complete systems (A1), (A.5)-(A.6),
but it is sufficient to take into account the most important parts on the right-hand
sides of Eqs. (A.1), (A.5)-(A.6). In doing this, we can substitute the terms at XS, YS
and ZS of the right-hand sides of Eqs. (A.1), (A.5)-(A.6) by the the average values of
the type
1
N
N∑
i=1
sink αi cos
l αi cos
m δi sin
n δi → 1
4 pi
∫
4pi
sink α cosl α cosm δ sinn δ dΩ ,
dΩ = cos δ dδ dα ,
α ∈ 〈0, 2 pi) , δ ∈ 〈− pi
2
,+
pi
2
〉 . (7.29)
Eqs. (A.1) reduce to
XS = 2
1
N
4.74
N∑
i=1
ri (µα,i cos δi) sinαi , (7.30)
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YS = − 2 1
N
4.74
N∑
i=1
ri (µα,i cos δi) cosαi . (7.31)
Eqs. (A.5) reduce to
XS = 6
1
N
4.74
N∑
i=1
ri µδ,i sin δi cosαi , (7.32)
YS = 6
1
N
4.74
N∑
i=1
ri µδ,i sin δi sinαi , (7.33)
ZS = − 3
2
1
N
4.74
N∑
i=1
ri µδ,i cos δi , (7.34)
and, Eqs. (A.6) reduce to
XS = − 3 1
N
N∑
i=1
r˙i cosαi cos δi , (7.35)
YS = − 3 1
N
N∑
i=1
r˙i sinαi cos δi , (7.36)
ZS = − 3 1
N
N∑
i=1
r˙i sin δi . (7.37)
Eqs. (7.30)-(7.37) can be considered as a more straightforward approximation to the
direct calculation represented by Eqs. (7.7). Numerical calculations for the set of our
stars with ri < 100 pc, i = 1 to N , yield the following results in the galactic coordinates:
XS (Eq. 7.32) = 8.48 km/s, YS (Eq. 7.33) = 17.42 km/s, ZS (Eq. 7.34) = 6.89 km/s,
with the value VS = 20.56 km/s, and,
XS (Eq. 7.35) = 10.08 km/s, YS (Eq. 7.36) = 17.87 km/s, ZS (Eq. 7.37) = 8.54 km/s
with the value VS = 22.22 km/s.
Of course, one may take various combinations of XS, YS and ZS in calculating VS =√
X2S + Y
2
S + Z
2
S. The values of the XS, YS and ZS components can be considered
to be consistent with the correct values given in Table 7.1 (Eq. (7.7 in Table 7.1).
The found values of VS are greater than the values of Dehnen and Binney [29], Binney
and Merrifield [17, p. 628] and Mihalas and McRae Routly [8, p. 101]. However, the
values of VS are less than the speed of the neutral interstellar gas [24, 23]. In any case,
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the systems of Eqs. (A.1), (A.5)-(A.6) yields that the most probable values should be
averaged in the following form:
XS = (1/2) XS (Eq. 7.30) + (1/6) XS (Eq. 7.32) + (1/3) XS (Eq. 7.35),
YS = (1/2) YS (Eq. 7.31) + (1/6) YS (Eq. 7.33) + (1/3) YS (Eq. 7.36),
ZS = (2/3) ZS (Eq. 7.34) + (1/3) ZS (Eq. 7.37).
7.4.2 More on the real motion of the Sun
We have dealt with the solar motion. We have considered it in the conventional way, i.e.,
the solar motion has meant the motion of the Sun with respect to the surrounding stars,
with respect to the LSR. Now, we have in disposal another approach. Interplanetary
probes found flux of interstellar dust and gas streaming into the Solar System.
The direct method for finding solar motion yields that the direction of the solar
motion is characterized by the ecliptic longitude λsolar motion = 277.5
◦ and latitude
βsolar motion = 60.3
◦. Eqs. (7.32)- (7.34) yield λsolar motion = 265.2◦ and βsolar motion
= 58.4◦. Eqs. (7.35)-(7.37) yield λsolar motion = 258.2◦ and βsolar motion = 56.1◦. The
solar motion was determined by the motion of the Sun with respect to the surrounding
stars. The obtained direction may be compared with the direction of the interstellar
gas streaming into the Solar System: λ0 = 259
◦ and β0 = 8◦ [22]. Similarly, the flow
of interstellar grains arrives from the direction with heliocentric ecliptic longitude 259◦
and heliocentric ecliptic latitude + 8◦ [5]. It is wise to stress that the motion of the
surrounding stars with respect to the Sun is given by the direction λ = λsolar motion −
180◦ and β = − βsolar motion. The result [ λsolar motion = 277.5◦, βsolar motion = 60.3◦]
significantly differs from the direction of motion of the interstellar gas and dust [λ0 =
259◦, β0 = 8◦].
The interplanetary dust and gas are coming from the direction λ0 = 259
◦ and β0 =
8◦. This direction corresponds to the values of the galactic latitude l0 = 8.9◦ and the
galactic latitude b0 = 13.5
◦. Thus, the velocity components of the Sun with respect to
the dust and gas are given by the equations Vx = VS cos l0 cos b0, Vy = VS sin l0 cos b0,
Vz = VS sin b0 and the values are presented in Table 7.8. The values significantly differ
from the values presented in Table 7.8 and from the conventional values presented in
Table 7.7. Only z−component of the solar motion is characterized by a consistency
among the results obtained from various approaches, Vz ≡ ZS ∈ 〈 6.1 km/s, 7.7 km/s
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〉 (direct method; another presented result is ZS (Eq. 7.37) = 8.54 km/s) .
VS [km/s] Vx[km/s] Vy[km/s] Vz[km/s]
26.0 25.0 3.9 6.1
28.0 26.9 4.2 6.5
Table 7.8: Velocity components of the Sun with respect to the surrounding interstellar gas
and dust. Two values of the speed VS are considered. The components are measured in
galactic coordinates.
Let us consider that the dust and gas components of matter are situated in the
galactic disk. We can determine the motion of the Sun with respect to these two
components. This is the relevant solar motion in the direction normal to the galactic
equatorial plane. So, also on the basis of the values presented in Table 7.8, we can
obtain an orbital evolution of a comet from the Oort cloud as it is presented in Fig. 7-1.
However, the lower value of Vz has to be preferred, i.e. ZS ≈ 6.1 km/s and not ZS ≈
7.7 km/s.
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Figure 7-3: Evolution of eccentricity under the action of gravity of the Sun and Galaxy. The
model by Klacˇka (2009) is used. Two values of ZS are used: the dotted line holds for ZS =
6.14 km/s, the solid line holds for ZS = 7.70 km/s.
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Chapter 8
Zhrnutie diplomovej pra´ce
V tejto diplomovej pra´ci sme sku´mali meto´dy na pocˇ´ıtanie perihe´liovy´ch vzdialenost´ı
a za´merny´ch vzdialenost´ı pre vybrane´ bl´ızke hviezdy. Tiezˇ sme sa venovali vy´skumu
pohybu Slnka. Nasˇe teoreticke´ vy´sledky boli aplikovane´ na bl´ızke hviezdy sˇtudovane´ v
[2, 18]. Observacˇne´ da´ta sme z´ıskali z roˆznych zdrojov ako ARICNS [15], NStED Data
Base [20], SIMBAD Data Base [10], a z [11]. V nasleduju´cich sekcia´ch vysvetˇlujeme,
cˇo sme robili v jednotlivy´ch kapitola´ch tejto diplomovej pra´ci.
8.1 Syste´m bez interakcie
V tomto pr´ıpade sme pocˇ´ıtali perihe´liovu´ vzdialenostˇ pre hviezdu, ktora´ sa pohybuje
po priamke vzhˇladom na inercia´lnu su´stavu a neinteraguje so Slnkom. V kapitole 2 sme
op´ısali na´sˇ postup, kde sme minimalizovali rovnicu (2.1). Po malej u´prave sme dostali
vztˇah (2.6), ktory´ reprezentuje perihe´liovu´ vzdialenostˇ a cˇas, za ktory´ sa hviezda do
takej polohy dostane. Pre neinteraguju´ci syste´m plat´ı, zˇe perihe´liova´ vzdialenostˇ a
za´merna´ vzdialenostˇ nadobu´daju´ tie iste´ hodnoty.
8.2 Proble´m dvoch telies
Na vy´pocˇet perihe´liovej vzdialenosti tu uvazˇujeme hviezdu pohybuju´cu sa v gravitacˇnom
potencia´li Slnka. Cˇizˇe sku´mame proble´m dvoch telies. Pre presny´ postup odporu´cˇame
pozrietˇ sa do kapitoly 3. Vy´sledne´ vztˇahy su´ dane´ rovnicami (3.3) (na pocˇ´ıtanie
za´mernej vzdialenosti) a (3.30) (na pocˇ´ıtanie perihe´liovej vzdialenosti). Tu, tak ako
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sme ocˇaka´vali, sme dostali mensˇie perihe´liove´ vzdialenosti ako v syste´me bez interakcie.
Nasvedcˇuje to tomu, zˇe pocˇ´ıtame fyzika´lne korektne.
8.3 Galakticke´ slapy
Cieˇlom kapitoly 4 je tiezˇ pocˇ´ıtatˇ perihe´liovu´ vzdialenostˇ pre vybranu´ hviezdu bl´ızko
Slnka. Na relat´ıvny pohyb Slnko-hviezda v tomto pr´ıpade poˆosobia gravitacˇne´ efekty
Galaxie. Uvazˇujeme oscilacˇne´ pohyby Slnka a hviezdy vzhˇladom na galakticky´ rovn´ık,
vra´tane anharmonicky´ch oscila´ci´ı. Zˇiadne z taky´chto oscila´ci´ı sa doteraz neuvaovali.
8.3.1 Oscila´cie Slnka a hviezdy
Riesˇime analyticku´ rovnicu pohybu Slnka a hviezdy v z− smere, kde sa predpoklada´, zˇe
Slnko i hviezda osciluju´ okolo galakticke´ho rovn´ıka. Terajˇsia poloha (30 pc) a ry´chlost
(7.3 km/s) su´ u´daje z literatu´ry. Riesˇenie je dane´ rovnicou 4.26.
8.3.2 Jednoduchy´ model
Pre uˇlahcˇenie nasˇich vy´pocˇtov sme navrhli jednoduchy´ model, ktory´ je zalozˇeny´ na
tom, zˇe relat´ıvny pohyb v smeroch x a y (rovina galakticke´ho rovn´ıka) rovnomerne
za´vis´ı od cˇasu a v z konaju´ vo vsˇeobecnosti anharmonicke´ oscila´cie. Tieto predpoklady
su´ op´ısane´ v rovniciach (4.27). V pocˇiatocˇny´ch podmienkach pohybu uvazˇujeme aj
konecˇnu´ ry´chlostˇ svetla.
8.4 Pohyb Slnka
V tejto cˇasti sme analyzovali pohyb Slnka. Porovna´vali sme rozlicˇne´ meto´dy na vy´pocˇet
slnecˇne´ho pohybu vzhˇladom na bl´ızke hviezdy (vzhˇladom na LSR -Local Standard of
Rest: Miestny sˇtandard pokoja-) priamou meto´dou (Subsec. 7.1.1) a meto´dou naj-
mensˇ´ıch sˇtvorcov (7.1.2).
Vedomosti o pohybe Slnka na´m umozˇnˇuju´ sku´matˇ dynamiku Galaxie. Slnecˇne´
oscila´cie moˆzˇu matˇ svoje doˆsledky poˆsobenia na Oortov oblak, cˇizˇe kad informa´cia
o taky´ch oscila´cia´ch je doˆlezˇita´. Pri orcˇovan´ı pohybu Slnka sme vybrali hviezdy do
vzdialenosti 100 pc. Pouzˇili sme databa´zu SIMBAD [10]. Hviezdy boli vybrane´ len
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tak, aby mali vsˇetky zna´me parametre s najvysˇsˇou kvalitou. Vyuzˇity´ch bolo 769 hviezd.
Na vy´pocˇet meto´dou najmensˇ´ıch sˇtvorcov sme pouzˇili zjednodusˇenie dane´ v [8], ale na´sˇ
pr´ıstup je vsˇeobecnejˇs´ı ako v [8]. Z´ıskali sme 6 neza´visly´ch linea´rnych su´stav s troma
rovnicami.
Meto´dy boli aplikovane´ na hviezdy v slnecˇnom okol´ı do 100, 40 a 15 pc. Konzis-
tentne´ vy´sledky s priamou meto´dou su´ tie, kde vystupuje vr a µδ. Rovnice s kombi-
novany´m vr, µδ, a µα neda´vaju´ vy´sledky konzistentne´ s priamou meto´dou. Tiezˇ sme
uka´zali existuju´cu za´vislostˇ ry´chlosti slnecˇne´ho pohybu vzhˇladom na LSR od veˇlkosti
slnecˇne´ho okolia (z priamej meto´dy). Vy´sledne´ ry´chlosti su´ v intervale od 6,1 po 7,7
km/s. Porovnan´ım s literatu´rou vid´ıme, zˇe to, cˇo sa norma´lne pouzˇ´ıva ako ry´chlost´ v
z− smere sa nacha´dza v nami na´jdenom intervale.
Presnejˇsie modely galaktickej dynamiky by mali obsahovatˇ aj oscila´cie Slnka v
rovine kolmej na rovinu galakticke´ho rovn´ıka, ak chceme uvazˇovatˇ aj vplyv galak-
ticky´ch slapov na Oortov oblak. V za´vislosti na tom, cˇi uvazˇujeme harmonicke´ alebo
anharmonicke´ oscila´cie, a roˆzne pocˇiatocˇne´ ry´chlosti, dostaneme roˆzne amplitu´dy os-
cila´ci´ı. A kedˇ to aplikujeme na kome´ty, tak dostaneme rozdielny vy´voj orbita´lnych
elementov kome´t. Pocˇet na´vratov kome´ty do slnecˇnej su´stavy za dobu jej existencie:
pre ry´chlostˇ 6,1 km/s ma´me 12 na´vratov, pre 7,7 km/s ma´me 9 na´vratov, a pre nulovu´
ry´chlostˇ len 6 na´vratov. Z toho vycha´dza, zˇe hmotnostˇ Oortovho oblaku je (15-60)-
kra´t mensˇia ako sa predpoklada´. V dodatku A su´ rovnice z´ıskane´ meto´dou najmensˇ´ıch
sˇtvorcov.
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Appendix A
Equations deduced from the Least
square method
For arbitrary choice of φ, and θ, we get
Coefficients at sin2 θ cos2 φ
4.74
N∑
i=1
ri (µα,i cos δi) sinαi = XS
N∑
i=1
sin2 αi
− YS
N∑
i=1
cosαi sinαi ,
− 4.74
N∑
i=1
ri (µα,i cos δi) cosαi = − XS
N∑
i=1
sinαi cosαi
+ YS
N∑
i=1
cos2 αi . (A.1)
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Coefficients at sin2 θ sinφ cosφ
LHS(2, 1) = RHS(2, 1) ,
LHS(2, 1) = 4.74
N∑
i=1
ri (µα,i cos δi) cosαi sin δi
+ 4.74
N∑
i=1
ri µδ,i sinαi ,
RHS(2, 1) = 2 XS
N∑
i=1
sinαi cosαi sin δi
+ YS
N∑
i=1
(
sin2 αi − cos2 αi
)
sin δi
− ZS
N∑
i=1
sinαi cos δi ,
LHS(2, 2) = RHS(2, 2) ,
LHS(2, 2) = − 4.74
N∑
i=1
ri(µα,i cos δi) sinαi sin δi
+ 4.74
N∑
i=1
ri µδ,i cosαi ,
RHS(2, 2) = − XS
N∑
i=1
(
sin2 αi − cos2 αi
)
sin δi
+ 2 YS
N∑
i=1
sinαi cosαi sin δi
− ZS
N∑
i=1
cosαi cos δi ,
4.74
N∑
i=1
ri (µα,i cos δi) cos δi = XS
N∑
i=1
sinαi cos δi
− YS
N∑
i=1
cosαi cos δi . (A.2)
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Coefficients at sin θ cos θ sinφ
LHS(3, 1) = RHS(3, 1)
LHS(3, 1) = −
N∑
i=1
r˙i cosαi sin δi
+ 4.74
N∑
i=1
ri µδ,i cosαi cos δi
RHS(3, 1) = 2 XS
N∑
i=1
cos2 αi sin δi cos δi
+ 2 YS
N∑
i=1
sinαi cosαi sin δi cos δi
+ ZS
N∑
i=1
(
sin2 δi − cos2 δi
)
cosαi ,
LHS(3, 2) = RHS(3, 2)
LHS(3, 2) = −
N∑
i=1
r˙i sinαi sin δi
+ 4.74
N∑
i=1
ri µδ,i sinαi cos δi
RHS(3, 2) = 2 XS
N∑
i=1
sinαi cosαi sin δi cos δi
+ 2 YS
N∑
i=1
sin2 αi sin δi cos δi
+ ZS
N∑
i=1
(sin2 δi − cos2 δi) sinαi ,
N∑
i=1
r˙i cos δi + 4.74
N∑
i=1
ri µδ,i sin δi = − XS
N∑
i=1
(
cos2 δi − sin2 δi
)
cosαi
− YS
N∑
i=1
(
cos2 δi − sin2 δi
)
sinαi
− 2 ZS
N∑
i=1
sin δi cos δi . (A.3)
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Coefficients at sin θ cos θ cosφ
LHS(4, 1) = RHS(4, 1)
LHS(4, 1) = −
N∑
i=1
r˙i sinαi
+ 4.74
N∑
i=1
ri (µα,i cos δi) cosαi cos δi
RHS(4, 1) = 2 XS
N∑
i=1
sinαi cosαi cos δi
+ YS
N∑
i=1
(sin2 αi − cos2 αi) cos δi
+ ZS
N∑
i=1
sinαi sin δi ,
LHS(4, 2) = RHS(4, 2)
LHS(4, 2) =
N∑
i=1
r˙i cosαi
+ 4.74
N∑
i=1
ri (µα,i cos δi) sinαi cos δi
RHS(4, 2) = XS
N∑
i=1
(
sin2 αi − cos2 αi
)
cos δi
− 2 YS
N∑
i=1
sinαi cosαi cos δi
− ZS
N∑
i=1
cosαi sin δi ,
4.74
N∑
i=1
ri (µα,i cos δi) sin δi = XS
N∑
i=1
sinαi sin δi
− YS
N∑
i=1
cosαi sin δi . (A.4)
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Coefficients at sin2 θ sin2 φ
4.74
N∑
i=1
ri µδ,i cosαi sin δi = XS
N∑
i=1
cos2 αi sin
2 δi
+ YS
N∑
i=1
sinαi cosαi sin
2 δi
− ZS
N∑
i=1
cosαi sin δi cos δi ,
4.74
N∑
i=1
ri µδ,i sinαi sin δi = XS
N∑
i=1
sinαi cosαi sin
2 δi
+ YS
N∑
i=1
sin2 αi sin
2 δi
− ZS
N∑
i=1
sinαi sin δi cos δi ,
− 4.74
N∑
i=1
ri µδ,i cos δi = − XS
N∑
i=1
cosαi sin δi cos δi
− YS
N∑
i=1
sinαi sin δi cos δi
+ ZS
N∑
i=1
cos2 δi . (A.5)
Coefficients at cos2 θ
−
N∑
i=1
r˙i cosαi cos δi = XS
N∑
i=1
cos2 αi cos
2 δi + YS
N∑
i=1
sinαi cosαi cos
2 δi
+ ZS
N∑
i=1
cosαi sin δi cos δi ,
−
N∑
i=1
r˙i sinαi cos δi = XS
N∑
i=1
sinαi cosαi cos
2 δi
+ YS
N∑
i=1
sin2 αi cos
2 δi + ZS
N∑
i=1
sinαi sin δi cos δi ,
−
N∑
i=1
r˙i sin δi = XS
N∑
i=1
cosαi sin δi cos δi + YS
N∑
i=1
sinαi sin δi cos δi
+ ZS
N∑
i=1
sin2 δi . (A.6)
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